Submanifolds in G2-manifolds by 河井  公大朗
Submanifolds in G2-manifolds

















I would like to express my gratitude to my supervisor Professor Reiko
Miyaoka for the valuable advice and encouragement. I am grateful to Pro-
fessor Shigetoshi Bando, Professor Nobuhiro Honda and Professor Yoshihiro
Ohnita for their useful comments. As for English, I am thankful to Professor
Martin Guest and Professor Wayne Rossman for their kindhearted help. I
would like to thank my colleagues for the useful discussion.
Finally, this thesis would not be possible were it not for the understanding




2 Preliminaries on calibrated geometry and G2 geometry 10
2.1 Calibrated Geometry . . . . . . . . . . . . . . . . . . . . . . . 10
2.2 G2 geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
3 Construction of Coassociative submanifolds in R7 and Λ2−S4
with symmetries 14
3.1 Construction of examples with symmetries . . . . . . . . . . . 14
3.2 Coassociative submanifolds in R7 . . . . . . . . . . . . . . . . 15
3.2.1 G2-structure on R7 . . . . . . . . . . . . . . . . . . . . 15
3.2.2 SU(2)-invariant coassociative submanifolds . . . . . . . 15
3.2.3 T 2-invariant coassociative cones . . . . . . . . . . . . . 19
3.3 Coassociative submanifolds in Λ2−S
4 . . . . . . . . . . . . . . . 24
3.3.1 G2-structure on Λ
2
−S
4 . . . . . . . . . . . . . . . . . . 24
3.3.2 SU(2)-invariant coassociative submanifolds . . . . . . . 26
3.3.3 T 2-invariant coassociative cones . . . . . . . . . . . . . 31
4 Calibrated Submanifolds and Reductions of G2-manifolds 35
4.1 Relations to Calabi-Yau manifolds . . . . . . . . . . . . . . . . 35
4.2 S1 reduction of G2-manifolds . . . . . . . . . . . . . . . . . . . 37
4.2.1 Calibrated submanifolds in the S1 quotient spaces . . . 37
4.2.2 Application to (Sine) Cones . . . . . . . . . . . . . . . 40
4.3 T 2 reduction of almost G2-manifolds . . . . . . . . . . . . . . 42
4.3.1 Multi-moment maps and reduced spaces . . . . . . . . 42
4.3.2 Coassociative submanifolds in the reduced space . . . . 44
4.3.3 Calibrated submanifolds in the T 2 quotient spaces . . . 45
4.4 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
ii
4.4.1 Examples of nearly Kähler manifolds . . . . . . . . . . 49
4.4.2 Cone of the Iwasawa manifold . . . . . . . . . . . . . . 51
4.4.3 Further examples . . . . . . . . . . . . . . . . . . . . . 54
5 Deformations of associative submanifolds in nearly parallel
G2-manifolds 55
5.1 Associative deformations in nearly parallel G2-manifolds . . . 55
5.2 Computation in the standard sphere S7 . . . . . . . . . . . . . 57
5.2.1 The nearly parallel G2-structure on S
7 . . . . . . . . . 58
5.2.2 The totally geodesic S3 . . . . . . . . . . . . . . . . . . 58
5.2.3 The case A1 ∼= T 3 . . . . . . . . . . . . . . . . . . . . . 63
5.2.4 The case A3 ∼= SU(2) . . . . . . . . . . . . . . . . . . . 67
Appendix A Proofs of Propositions in Chapter 3 75
A.1 Proof of Proposition 3.2.1 . . . . . . . . . . . . . . . . . . . . 75
A.2 Proof of Proposition 3.2.3 . . . . . . . . . . . . . . . . . . . . 76
A.3 Proof of Proposition 3.3.6 . . . . . . . . . . . . . . . . . . . . 77
A.4 Proof of Proposition 3.3.13 . . . . . . . . . . . . . . . . . . . . 78
Appendix B Proofs of Propositions in Chapter 5 80
B.1 The second proof of Proposition 5.1.2 . . . . . . . . . . . . . . 80





This thesis is concerned with the calibrated submanifolds in G2-manifolds,
especially the explicit construction and the deformation theory.
The theory of calibrated geometry was introduced by Harvey and Lawson
[21] in the study of minimal submanifolds. It concerns calibrated submani-
folds, a special kind of minimal submanifolds of a Riemannian manifold M ,
which are defined using a closed form on M called a calibration. This is a
generalization of the Wirtinger inequality to the effect that any compact com-
plex submanifold in a Kähler manifold minimizes its volume in its homology
class.
It is closely connected with the theory of Riemannian holonomy groups,
since Riemannian manifolds with reduced holonomy have one or more nat-
ural calibrations. It is known by Berger that the possible holonomy groups
of simply connected Riemannian manifolds with irreducible and nonsym-
metric metrics are given by SO(m),U(m), SU(m), Sp(m), Sp(m)Sp(1), G2, or
Spin(7). In this thesis, we focus on the G2 case. A Riemannian manifold
whose holonomy group is contained in the exceptional Lie group G2 is called
a torsion-free G2-manifold, and is characterized by a closed and coclosed
3-form φ. In this sense, this is a generalization of a symplectic manifold
characterized by a closed 2-form. The 3-form φ and its Hodge dual ∗φ de-
fine calibrations. Calibrated submanifolds corresponding to φ (resp. ∗φ)
are called (co)associative submanifolds. More generally, if we drop the as-
sumption that a 3-form φ is closed or coclosed, we call it a G2manifold (not
necessarily torsion-free).
Recently, a torsion-free G2-manifold is expected to play an important role
as a Calabi-Yau manifold in mirror symmetry. In 1996 Strominger, Yau and
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Zaslow [45] presented a conjecture explaining mirror symmetry of compact
Calabi-Yau 3-folds in terms of dual fibrations by special Lagrangian 3-tori,
including singular fibers. In M-theory, fibrations of coassociative 4-folds in
compact torsion-free G2-manifolds are expected to play the same role as
special Lagrangian fibrations in Calabi-Yau manifolds [1], [2], [20].
The first purpose of this thesis is the construction of (co)associative sub-
manifolds in G2-manifolds. These submanifolds are defined by complicated
P.D.E.s, and hence it is difficult to construct examples explicitly. In R7,
Harvey and Lawson gave SU(2)-invariant coassociative submanifolds in their
pioneering paper [21]. Lotay [31], [32] constructed 2-ruled examples and ones
with the T 2×R>0 symmetries by the evolution equation. Fox [17] obtained a
family of non-2-ruled, non-conical examples from a 2-ruled coassociative cone.
Karigiannis and Min-Oo [26] gave examples in Λ2−S
4 and Λ2−CP 2, which are
the total spaces of certain rank 2 subbundles over immersed surfaces in S4
or CP 2.
In Chapter 3, we construct more examples of coassociative submanifolds
systematically by the so-called symmetries method. In this method, we as-
sume that a coassociative submanifold L is preserved by the action of a Lie
group G. As is well known, if G acts with cohomogeneity one on L, then
the P.D.E. of the coassociative condition reduces to a first-order O.D.E. on
the orbit space, which can often be solved explicitly. Moreover, we easily see
whether the resulting submanifold contains singular orbits by this method.
We obtain old and new examples in R7 and Λ2−S4 which are invariant
under the action of SU(2) and T 2 × R>0. In R7, we have the following
theorems.
Theorem 1.0.1 (Harvey and Lawson [21]). Let v⃗ ∈ S2 ⊂ R3 be a fixed
vector. Then for any C ≥ 0,
MC := SU(2) ·
{
((y1, 0, 0, 0), rv⃗) ∈ R7; r(4r2 − 5(y1)2)2 = C, r ≥ 0
}
is an SU(2)-invariant coassociative submanifold in R7, where the SU(2)-
action is defined in Section 3.2.2. For C > 0, MC has two connected compo-
nents M±C defined by
M±C :=MC ∩ SU(2) ·
{




C ) is diffeomorphic to the tautological line bundle OCP 1(−1)
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0 = SU(2) ·
{















∈ R7; y1 > 0
}
,
where M00 is a flat R4 and M
′
0 is the cone on the graph of the Hopf fibra-
tion S3 → S2 and diffeomorphic to S3 × R. Moreover, all the coassociative
submanifolds invariant under this SU(2)-action are given in this way.
Theorem 1.0.2. [28] Let α, γ : I → (0, π/2), and β : I → R be smooth
functions on a small open interval I ⊂ R satisfying
d
dt
log(sin γ) = −2 tan β · tan(2α− β) · β̇




log(tan γ) = − tan(2α− β) · (α̇ + β̇),
where we denote α̇ = dα
dt




Reiθ cos γ(t) · cosα(t), Reiψ cos γ(t) · sinα(t),
R sin γ(t) · cos β(t), Rei(ψ−θ) sin γ(t) · sin β(t)
)
;R > 0, θ, ψ ∈ R, t ∈ I
}
is a T 2-invariant coassociative cone in R7 which is diffeomorphic to T 2 ×
R>0 × I.
The argument in [21] uses quaternion and octonion computations. Here
we avoid these, which enables us to extend the computation successfully to
the case Λ2−S
4. In fact, consider the anti-self-dual bundle Λ2−S
4 over S4. The
total space of Λ2−S
4 admits a torsion-free G2-structure (φλ, gλ) for λ > 0
given by Bryant and Salamon [12] (Proposition 3.3.1). Choosing the local
coordinate as in (3.3.1), we show that our argument on R7 applies almost
parallelly on Λ2−S
4. This is an advantage of our method.
Theorem 1.0.3. [28] For any C ∈ R and fixed vector v⃗ ∈ S2 ⊂ R3, the set
MC := SU(2) ·
{










r ≥ 0, y1 ∈ R ∪ {∞}
}
3
is an SU(2)-invariant coassociative submanifold in Λ2−S
4, where the SU(2)-
action is defined in Section 3.3.2. For C ̸= 0, MC is diffeomorphic to the







0 =M0 −M00 ,
M00 = SU(2) ·
{
((y1, 0, 0, 0, 0, 0, 0); y1 ∈ R ∪ {∞}
}
,
where M00 is the 0-section S
4 and M
′
0 is diffeomorphic to S
3 × R, which
is asymptotic to the cone as λ tends to 0. Moreover, all the coassociative
submanifolds invariant under this SU(2)-action are given in this way.
From Remark 3.3.4, Λ2−S
4 − {0-section} ∼= CP 3 × R>0 admits a torsion-
free G2-structure (φ0, g0). Choose the local coordinate as in (3.3.1).
Theorem 1.0.4. [28] Let y1, y3 : I → R>0, (a1, a3) : I → S1 ⊂ R2 be smooth




















where |z|2 = (y1)2 + (y3)2 and(
a1b3(ċ)− a3b1(ċ)
)
= a1ȧ3 − ȧ1a3 + 2
1 + |z|2
(−y1ẏ3 + ẏ1y3).
Then the subset M defined by
M =
{(
y1(t)eiθ, y3(t)eiψ, Ra1(t), Ra3(t)iei(ψ−θ)
)
∈ C2 ⊕ R⊕ C; R > 0, t ∈ I,
θ, ψ ∈ R
}
is a T 2-invariant coassociative cone in Λ2−S
4 − {0-section} ∼= CP 3 × R>0





∈ C2 ⊕ R⊕ C; |z1|2 + |z2|2 = 2, R > 0
}
is a T 2-invariant coassociative cone, and each of M± is diffeomorphic to
S3 × R>0.
4
In Chapter 4, we characterize (co)associative submanifolds in aG2-manifold
with a free S1 or T 2 action by submanifolds in the quotient space. Since many
known examples of G2-manifolds such as those constructed by Bryant and
Salamon [12] admit T 2-actions which are free on the open dense subsets, it
is natural to consider the case when S1 or T 2 acts on a G2-manifold. By this
characterization, we give some examples in G2-manifolds such as the cone of
the Iwasawa manifold. Here, we use the new notion of multi-moment map
introduced by Madsen and Swann [35].
First, we study the case when a G2-manifold Y admits a free S
1-action.
Theorem 1.0.5. [27] Let (Y, φ̃, g̃) be a G2-manifold with a free S
1-action
preserving the G2-structure. Let π1 : Y → Y/S1 be the projection. By
Proposition 4.2.4, Y/S1 admits an SU(3)-structure (g, J1, τ1, ψ
±).
If LkS1 ⊂ Y is an oriented k-dimensional submanifold invariant under the
S1-action, then with an appropriate orientation,
1. L3S1 ⊂ Y is an associative 3-fold if and only if π1(L3S1) ⊂ Y/S1 is a
J1-holomorphic curve (i.e. T (π1(L
3
S1)) is J1-invariant),
2. L4S1 ⊂ Y is a coassociative 4-fold if and only if π1(L4S1) ⊂ Y/S1 is a
special Lagrangian submanifold with phase ±
√
−1.
If Lkp ⊂ Y is an oriented k-dimensional submanifold perpendicular to the
S1-orbits (k = 3, 4), then with an appropriate orientation,
3. L3p ⊂ Y is an associative 3-fold if and only if π1(L3p) ⊂ Y/S1 is a special
Lagrangian submanifold with phase 1,
4. L4p ⊂ Y is a coassociative 4-fold if and only if π1(L4p) ⊂ Y/S1 is a
J1-holomorphic surface.
Corollary 1.0.6. There is one to one correspondence between S1-invariant
associative 3-folds (resp. coassociative 4-folds) in Y and J1-holomorphic
curves (resp. special Lagrangian submanifolds with phase ±
√
−1) in Y/S1.
It is known that almost complex manifolds are fibrated locally by pseu-
doholomorphic discs [5]. From Theorem 1.0.5, we see the following.
Corollary 1.0.7. A G2-manifold with a free S
1-action which preserves the
G2-structure is locally fibrated by S
1-invariant associative 3-folds.
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Remark 1.0.8. (relations to evolution equations)
Consider the case 1. Let γ : Σ → Y/S1 be a smooth immersion of a
surface Σ. Let (U, (s, t)) be a local conformal coordinate of Σ. Then from
the local triviality of π1 : Y → Y/S1, there exists a local lift γ̃ : U → Y of γ
on a small open set U ⊂ Σ which is transverse to S1-orbits.




















Hence the differential equation of J1-holomorphic curve is considered as
the special case of the evolution equations in [30], [32].
Next, we study the case when an almost G2-manifold Y admits a free
T 2-action. This is the main part in Chapter 4. We use the multi-moment
map introduced in [35], which is a generalization of the moment map in
symplectic geometry. The construction of special Lagrangian submanifolds
in Calabi-Yau manifolds via a use of the moment map can be generalized to
our case via a use of multi-moment map.
Theorem 1.0.9. [27] Let (Y, φ̃, g̃) be an almost G2-manifold with a free T
2-
action preserving the G2-structure. Let π2 : Y → Y/T 2 be the projection.
Suppose that there exists a multi-moment map ν̃ : Y → R for the T 2-action.
Let ν : Y/T 2 → R be the map induced from ν̃. By Proposition 4.3.10, there
exist almost CR-structures (Q = ker(dν), Ji) (i = 0, 1, 2) on Y/T
2 satisfying
J0J1J2 = −idQ.
Decomposing T 2 = S11 × S12 , let π1 : Y → Y/S11 , π2,1 : Y/S11 → Y/T 2
and π2 : Y → Y/T 2 be the projections satisfying π2 = π2,1 ◦ π1. Then from
Proposition 4.2.4 and 4.3.10, we see that there exists an SU(3)-structure
(g, J1, τ1, ψ
±) on Y/S11 and CR structures (Q = ker dν, Ji) with induced 2-
forms τi on Y/T
2 (i = 0, 1, 2).
If LkT 2 ⊂ Y is an oriented k-dimensional submanifold invariant under the
T 2-action (k = 3, 4), then with an appropriate orientation,
1. L3T 2 ⊂ Y is an associative 3-fold if and only if π2(L3T 2) ⊂ Y/T 2 is
contained in the integral curve of grad(ν),










) = 0 (θ̃2
′
is defined in Lemma 4.3.11) (k = 3, 4),
then with an appropriate orientation,
3. L3
S11 ,p









)∩ν−1(α) ⊂ Y/T 2 is either an empty set or a CR J2-holomorphic
curve and grad(ν)|π2(L4
S11 ,p




If Lkp,p ⊂ Y is an oriented k-dimensional submanifold perpendicular to
T 2-orbits (k = 3, 4), then with an appropriate orientation,
5. L3p,p ⊂ Y is an associative 3-fold if and only if for each α ∈ R, π2(L3p,p)∩
ν−1(α) ⊂ Y/T 2 is either an empty set or a CR J0-holomorphic curve
with grad(ν)|π2(L3p,p) tangent to π2(L
3
p,p).
6. L4p,p ⊂ Y is a coassociative 4-fold if and only if π2(L4p,p) ⊂ Y/T 2 is a
CR J0-holomorphic surface.
Corollary 1.0.10. If L3p,p ⊂ Y is an associative 3-fold, then for any α ∈ R
satisfying π2(L
3
p,p) ∩ ν−1(α) ̸= ∅, π−12 (π2(L3p,p) ∩ ν−1(α)) = π−12 (π2(L3p,p)) ∩
ν̃−1(α) = T 2 · L3p,p ∩ ν̃−1(α) is a T 2-invariant coassociative 4-fold of Y.
Corollary 1.0.11. There is one to one correspondence between T 2-invariant
associative 3-folds (resp. coassociative 4-folds) in Y and 1-dimensional sub-
manifolds of the integral curve of grad(ν) (resp. CR J0-holomorphic curves)
in Y/T 2.
Remark 1.0.12. (relations to evolution equations)
Consider the case 2. Let γ : Σ → Y/T 2 be a smooth immersion of a
surface Σ and (U, (s, t)) be a local conformal coordinate of Σ. Then from the
local triviality of π2 : Y → Y/T 2, there exists a local lift γ̃ : U → Y of γ on
a small open set U ⊂ Σ which is transverse to T 2-orbits.
























Thus the differential equation of J0-holomorphic curve is considered as the
special case of the evolution equations in [30], [32].
The second purpose of this thesis is the study of the infinitesimal defor-
mations of an associative submanifold M in a nearly parallel G2-manifold.
A G2-manifold Y is called nearly parallel if its cone C(Y ) = Y × R>0 is a
torsion-free Spin(7)-manifold, namely, Hol(C(Y )) ⊂ Spin(7). An associative
submanifold M in Y is defined to be a 3-dimensional minimal submanifold
which is related to theG2-structure of Y (Definition 2.2.7). We have many ex-
amples of nearly parallel G2-manifolds and associative submanifolds. In fact,
since we know that Sp(2) ⊂ SU(4) ⊂ Spin(7), Sasaki-Einstein 7-manifolds
and 3-Sasaki 7-manifolds are nearly parallel G2-manifolds. Moreover, special
Legendrian 3-submanifolds, which mean minimal Legendrian submanifolds
whose cones are special Lagrangian, are examples of associative submani-
folds in the Sasaki case.
Ohnita [41] studied the infinitesimal deformations of a special Legendrian
submanifold in a Sasaki η-Einstein manifold. He characterized the infinites-
imal deformation space as an eigenspace of the Laplacian, and explained it
geometrically in the case of homogeneous special Legendrian submanifolds in
S7 and SO(5)/SO(3). Since special Legendrian submanifolds are associative,
we have a natural question here:
Question 1.0.13. How the deformation theory will become if we deform the
submanifold not only as a special Legendrian submanifold, but also as an
associative submanifold?
In Chapter 5, we give answers to this question in some case of homoge-
neous associative submanifolds in S7. Lotay [34] classified the homogeneous
associative submanifolds in S7.
Proposition 1.0.14. [34] Let A be a connected associative 3-fold in S7 ⊂ C4
which is the orbit of a closed 3-dimensional Lie subgroup of Spin(7). Suppose
further that A does not lie in a totally geodesic S6. Then, up to rigid motion,
A is either
1. A1 = T
3 · 1
2
t(1, 1, 1, i) ∼= T 3,
2. A2 = SU(2) · 1√2
t(1, 0, 0, 1) ∼= SU(2)/Z3, or
3. A3 = SU(2) · 1√2
t(0, 1, i, 0) ∼= SU(2),
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where we denote by T 3· the standard T 3 action on C4 (Section 5.2.3), and
by SU(2)· the SU(2) action on S3C2 ∼= C4 induced from the standard action
on C2 (Section 5.2.4).
Remark 1.0.15. A totally geodesic S3 is the most obvious homogeneous
associative submanifold. Non-totally geodesic associative submanifolds lying
in a totally geodesic S6 are classified in [36]. The submanifold A1 is special
Legendrian given in [21], and A2 is special Legendrian given in [24], [41].
However, A3 does not arise from other known geometries.
We study the infinitesimal associative deformations of the totally geodesic
S3, A1, and A3, which are diffeomorphic to the Lie groups. We obtain the
following result:
Theorem 1.0.16. [29] The totally geodesic S3 and A1 are rigid, while A3 is
not rigid.
For the proof of the theorem, we first characterize the space of all infinites-
imal associative deformations as an eigenspace of a twisted Dirac operator
(Proposition 5.1.2). Then we investigate the eigenspace in each case. The
main method of calculation is Peter Weyl’s theorem, which is a generalization
of a Fourier series expansion on a torus to general compact Lie groups. This
method is used in [41]. By this method, we can solve complicated equations




geometry and G2 geometry
2.1 Calibrated Geometry
The notion of the calibration was introduced by Harvey and Lawson [21].
This is a generalization of the Wirtinger inequality to the effect that any
compact complex submanifold in a Kähler manifold minimizes its volume in
its homology class.
Definition 2.1.1. Let (M, g) be an m-dimensional Riemannian manifold,
and let φ be a closed k-form on M (1 ≤ k ≤ m). Then φ is called a
calibration on M if for every oriented k-dimensional subspace V ⊂ TpM ,
p ∈M , we have φ|V ≤ volV .
Let N ⊂ M be a k-dimensional oriented submanifold of M . Then N
is called a calibrated submanifold (φ-submanifold) of M if we have
φ|N = volN .
With the assumption that φ is invariant under the holonomy group Hol(g),
we can produce various examples.
Hol(g) (⊂) U(m) SU(m) G2
(M, g) Kähler Calabi-Yau G2
ωk/k! Re(e
√
−1θΩ) φ ∈ Ω3
φ (ω: Kähler (Ω: hol. volume (∗φ ∈ Ω4)
form) form) (φ: G2-structure)
φ-sub- k-dim. complex special Lagrangian (co)associative
manifolds submanifolds submanifolds submanifolds
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2.2 G2 geometry
Definition 2.2.1. Define a 3-form φ0 on R7 by
φ0 = e
125 − e345 + e136 − e426 + e147 − e237 + e567,
where (e1, · · · , e7) is the standard dual basis on R7 and wedge signs are
omitted. The stabilizer of φ0 is the exceptional Lie group G2:
G2 = {g ∈ GL(7,R); g∗φ0 = φ0}.
This is a 14-dimensional compact simply-connected semisimple Lie group.




orientation on R7, and the 4-form
∗φ0 = e3467 − e1267 + e2457 + e1357 + e2356 − e1456 + e1234, (2.2.1)
where ∗ means the Hodge dual. They are uniquely determined by φ0 via
−6g0(v1, v2)volg0 = i(v1)φ0 ∧ i(v2)φ0 ∧ φ0, (2.2.2)
where volg0 is the volume form of g0, i(·) is the interior product, and vi ∈
T (R7).
Remark 2.2.2. A 3-form φ0 is defined in another way by
φ0 = e
123 + e1(e45 + e67) + e2(e46 − e57)− e3(e47 + e56), (2.2.3)
whose sign convention is different from (2.2.1). These definitions are equiv-
alent, however, in the case of (2.2.3), the relation (2.2.2) turns out to be
6g0(v1, v2)volg0 = i(v1)φ0 ∧ i(v2)φ0 ∧ φ0.
In Chapter 3, we use the sign convention of (2.2.1), and in Chapter 4, 5, we
use that of (2.2.3).
Definition 2.2.3. Let Y be a 7-dimensional oriented manifold and φ a 3-
form on Y . A 3-form φ is called a G2-structure on Y if for each y ∈ Y , there
exists an oriented isomorphism between TyY and R7 identifying φy with φ0.
From (2.2.2), φ induces the metric g, volume form and ∗φ ∈ Ω4(Y ) on Y .
A triple (Y, φ, g) is called a G2-manifold if φ ∈ Ω3(Y ) is a G2-structure
on Y and g is an associated metric. A G2-manifold (Y, φ, g) is called an
almost G2-manifold if φ is closed : dφ = 0. A G2-manifold (Y, φ, g) is
called torsion-free if φ is closed and coclosed: dφ = d ∗ φ = 0. A G2-
manifold (Y, φ, g) is said to be nearly parallel if dφ = 4 ∗ φ.
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Lemma 2.2.4. [16] Let (Y, φ, g) be a G2-manifold. Then Hol(g) ⊂ G2 if
and only if dφ = d ∗ φ = 0.
Lemma 2.2.5. [3] Let (Y, φ, g) be a G2-manifold. The following are equiv-
alent:
1. dφ = 4 ∗ φ (i.e. The 3-form φ defines a nearly parallel G2-structure.),
2. ∇φ = 1
4
dφ,
3. ∇φ = ∗φ,
4. ∇X(∗φ) = −g(X, ·) ∧ φ for any X ∈ TY ,
5. i(X)∇Xφ = 0 for any X ∈ TY ,
6. (C(Y ),Φ, g) := (Y ×R>0, r3dr ∧ φ+ r4 ∗ φ, dr2 + r2g) is a torsion-free
Spin(7)-manifold. Namely, Hol(g) ⊂ Spin(7).
Next, we give a summary of the facts about the submanifolds in G2-
manifolds.
Lemma 2.2.6. [21] Let (Y, φ, g) be a G2-manifold. Then for each point
p ∈ Y and every oriented k-dimensional subspace V k ⊂ TpY (k = 3, 4), we
have φ|V 3 ≤ volV 3 , ∗φ|V 4 ≤ volV 4 . If (Y, φ, g) is torsion-free, the G2-structure
φ and its Hodge dual ∗φ define calibrations on Y.
Definition 2.2.7. [21] Let (Y, φ, g) be a G2-manifold. A 3-dimensional sub-
manifold L3 is called an associative submanifold of Y if φ|L3 = volL3 . A
4-dimensional submanifold L4 is called a coassociative submanifold of Y
if ∗φ|L4 = volL4 .
Lemma 2.2.8. [21] Let (Y, φ, g) be a G2-manifold. Define a tangent bundle
valued 3-form χ ∈ Γ(Y,∧3T ∗Y ⊗ TY ) by
g(v1, χ(v2, v3, v4)) = ∗φ(v1, v2, v3, v4)
for vi ∈ TY . If Lk ⊂ Y is a k-dimensional oriented submanifold (k = 3, 4),
then
• L3 is an associative submanifold of Y ⇔ χ|TL3 = 0,
• L4 is a coassociative submanifold of Y ⇔ φ|TL4 = 0.
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This description is often more useful and easier to work with.
Definition 2.2.9. Let (Y, φ, g) be a G2-manifold. Define the cross product
× : TY × TY → TY by
g(u× v, w) = φ(u, v, w)
for u, v, w ∈ TY .
Lemma 2.2.10. If we adopt the sign convention (2.2.1), we have
χ(u, v, w) = −u× (v × w)− g(u, v)w + g(u,w)v. (2.2.4)
If we adopt the sign convention (2.2.3), we have
χ(u, v, w) = u× (v × w) + g(u, v)w − g(u,w)v. (2.2.5)
Remark 2.2.11. When L3 is associative, there exists an orthonormal basis
{e1, e2, e3} satisfying e3 = e1 × e2 at any point in L3.
Lemma 2.2.12. [34] There are no coassociative submanifolds of a nearly
parallel G2-manifold.
Proof. If L is a coassociative submanifold of a nearly parallel G2-manifold
(Y, φ̃, g̃), then φ|L = 0, which implies that 4∗φ = dφ|L = 0. This contradicts




submanifolds in R7 and Λ2−S4
with symmetries
3.1 Construction of examples with symme-
tries
To construct a coassociative submanifold L, we suppose that L is preserved
by an action of a Lie group G. As is well known, if G acts with cohomogeneity
one on L, then the P.D.E. of the coassociative condition reduces to a first-
order O.D.E. on the orbit space. We give a summary based on [22] [23].
Proposition 3.1.1. Let (Y, φ, g) be a G2-manifold. Suppose that a Lie group
G with the Lie algebra g acts on Y satisfying the following conditions:
• g∗φ = r(g) · φ for a smooth function r : G→ R>0.
• The dimension of the generic orbit of G is equal to 3.
Then we can construct coassociative submanifolds in the following way.
1. Find a subset Σ ⊂ Y such that
• G · Σ = {g · x ∈ Y ; g ∈ G, x ∈ Σ} = Y ,
• TxΣ∩ Tx(G-orbit) = {0} for each x ∈ Σ, where Tx(G-orbit) is the
tangent space to the G-orbit at x.
14





3)|c = 0, φ(v∗i , v∗j , ċ)|c = 0,
for vi ∈ g, where ċ = dcdt and v
∗ is the vector field on Y generated by
v ∈ g.
3. Then L := G · Image(c) is a G-invariant coassociative submanifold in
Y .
Remark 3.1.2. The subset Σ is usually the union of different dimensional
submanifolds. The subset Σ is regarded as (the covering space of) the orbit
space “Y/G”.
Remark 3.1.3. By this method, we easily see whether the resulting sub-
manifold contains singular orbits.
Set Σ(i) := {x ∈ Σ; dimR(G·x) = i}, and then Σ = ⊔3i=0Σ(i). If Image(c) ⊂
Σ(3), L is smooth and satisfies L ∼= (G-orbit)×I ∼= G/Stabc(G)×I for a small
I. If Image(c)∩Σ(i) ̸= ∅ for i ≤ 2, L admits singular orbits corresponding to
Σ(i) and its topology is more complicated.
3.2 Coassociative submanifolds in R7
3.2.1 G2-structure on R7
Identify R7 ∼= Λ2−R4 ∼= R4 ⊕ R3 and let (y1, y2, y3, y4) be the standard coor-
dinate of R4. Define 2-forms ωi and 1-forms bj (i, j = 1, 2, 3) as
ω1 = dy12 − dy34, ω2 = dy13 − dy42, ω3 = dy14 − dy23, bj = daj,
where dyij stands for dyi ∧ dyj, and (a1, a2, a3) is the fiber coordinate with





bi ∧ ωi + b123.
3.2.2 SU(2)-invariant coassociative submanifolds




The group SU(2) acts on R4 ∼= C2 canonically and this action lifts to Λ2−R4 =
R7. The action preserves the G2-structure φ on R7, and is described as
follows.






SU(2) acts on R7 by
g · (z1, z2, a1, w) = (αz1 − βz2, βz1 + αz2,
(|α|2 − |β|2)a1 + 2Im(αβw), 2iαβa1 + (α2 − β2)w).
The “orbit space” of the SU(2)-action
The “orbit space” Σ of the SU(2)-action can be described as follows:
Σ = Σ1 ⊔ Σ2 ⊔ Σ3,
Σ1 = {(y1, 0, 0, 0, a1, a2, a3) ∈ R7; y1 > 0, ai ∈ R},
Σ2 = {((0, 0, 0, 0), rv⃗) ∈ R7; r > 0}, Σ3 = {0},
where v⃗ ∈ R3 − {0} is a fixed vector. Then we have SU(2) · Σ = R7. The
orbit topology is described as follows:
SU(2) · x ∼=

S3 (x ∈ Σ1),
S2 (x ∈ Σ2),
∗ (x ∈ Σ3).
A path in the “orbit space”
























which satisfies [Xj, Xj+1] = Xj+2(j ∈ Z/3). Denote by X∗ the vector field













































These vector fields satisfy the relation [X∗j , X
∗
j+1] = −X∗j+2(j ∈ Z/3),
because this SU(2)-action is the left action.





3 )|c = 0, (3.2.1)
φ(X∗i , X
∗
j , ċ)|c = 0 (1 ≤ i, j ≤ 3). (3.2.2)
The equation (3.2.1) is always satisfied. In fact, since the G2-structure φ




3 )) = 0 by Cartan’s
formula. Since X∗i = 0 at 0 ∈ R7, we have (3.2.1).
Because of the dimension of Σi, it is not appropriate to study the case
c : I → Σ2 or Σ3. Thus we consider the path c : I → Σ1, and then see
whether it extends to Σ2 or Σ3. For (3.2.2), we see the following. The proof
is given in the appendix.
Proposition 3.2.1. Denote c(t) = (y1(t), 0, 0, 0, a1(t), a2(t), a3(t)) and r2 =∑3
i=1(a








+ ȧi · (y
1)2
4
= 0 (i = 1, 2, 3). (3.2.3)
To solve (3.2.3), first consider the case t(a1(t), a2(t), a3(t)) = r(t)v⃗, where
v⃗ ∈ S2 ⊂ R3 is a fixed vector and r : I → R≥0 is a smooth function. Then





ṙ + ry1ẏ1 = 0. (3.2.4)
As this equation is homogeneous, it has an explicit solution
r(4r2 − 5(y1)2)2 = C, (3.2.5)
for C ≥ 0.
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Figure 3.1: the graph of
(3.2.5)
We exhibit the graph of (3.2.5) when C > 0.
The solid curve corresponds to M+C and the
dotted curve corresponds toM−C in Proposition
3.2.2 below, and they are asymptotic to the
dashed curve (the case C = 0) as C → 0.
Next, we show that (3.2.5) is the unique
solution of (3.2.3) in a general setting. In
fact, via polar coordinates, denote ai(t) =
r(t)ρi(t), where ρ1(t) = cosα(t), ρ2(t) =













Since r ≡ 0 is a solution of (3.2.6), by the uniqueness of the solutions of
O.D.E.s, we may assume that r(t) > 0 for each t ∈ I. Then there exists a
function f = f(r, ṙ, y1, ẏ1) satisfying ρ̇i = fρi for each i = 1, 2, 3. Thus we
have
−α̇ sinα = f cosα, (3.2.7)
α̇ cosα cos β − β̇ sinα sin β = f sinα cos β, (3.2.8)
α̇ cosα sin β + β̇ sinα cos β = f sinα sin β, (3.2.9)
which imply β̇ sinα = 0, α̇ cos β = 0, α̇ sin β = 0.
Then α must be constant. If sinα = 0, we have (ρ1, ρ2, ρ3) = (±1, 0, 0).
If sinα ̸= 0, β is constant so every ρi is constant. Thus (3.2.6) is equivalent
to (3.2.4) anyway, and we see that (3.2.5) is the unique solution of (3.2.3).
The topology of the submanifolds
In the previous subsection, we obtain the following coassociative submanifold.
M̃C := SU(2) ·
{
((y1, 0, 0, 0), rv⃗) ∈ R7; r(4r2 − 5(y1)2)2 = C, r ≥ 0, y1 > 0
}
,
where C ∈ R and v⃗ ∈ S2 ⊂ R3 is a fixed vector. The submanifold M̃C is
locally diffeomorphic to S3 × R. It can be seen that M̃C extends to y1 ≤ 0
and we have the coassociative submanifold
MC := SU(2) ·
{




We study the topology of MC , which is also given in [33]:




M±C :=MC ∩ SU(2) ·
{





C ) is diffeomorphic to the tautological line bundle OCP 1(−1)







0 = SU(2) ·
{















∈ R7; y1 > 0
}
.
The space M00 is a flat R4 and M
′
0 is the cone on the graph of the Hopf
fibration S3 → S2, and hence diffeomorphic to S3 × R.
Proof. When C > 0, as y1 ̸= 0 holds on M−C , each SU(2)-orbit in M
−
C is
diffeomorphic to S3 so we have M−C
∼= S3 × R. In the case of M+C , though
the generic SU(2)-orbit is S3, the orbit through ((0, 0, 0, 0), (C/16)1/5v⃗) is
S2. Hence the topology of M+C is more complicated. For simplicity, taking





|α|2 − |β|2, 2iαβ
))
∈ C2 ⊕ R⊕ C;
r(4r2 − 5(y1)2)2 = C, 4r2 − 5(y1)2 > 0, (α, β) ∈ S3 ⊂ C2
}
.
Define the map π : M+C → CP 1 ∼= S2 by π (y1(α, β), r (|α|2 − |β|2, 2iαβ)) =
[α : β]. Then each fiber of π is described as




|α|2 − |β|2, 2iαβ
))
∈M+C ; y
1 ∈ R, r > 0, θ ∈ R
}
∼= C(α, β),
where (α, β) ∈ S3 ⊂ C2. Then M+C is diffeomorphic to the tautological
bundle OCP 1(−1) over CP 1 ∼= S2. The case C = 0 is obvious.
3.2.3 T 2-invariant coassociative cones
In this section, we give a proof of Theorem 1.0.2.
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T 2 × R>0-action on R7
Using the coordinates in Section 3.2.2, we describe the T 2 × R>0-action as
(eiθ, eiψ, R) · (z1, z2, a1, w) = (Reiθz1, Reiψz2, Ra1, Rei(ψ−θ)w),
where (eiθ, eiψ, R) ∈ T 2 × R>0. It satisfies (eiθ, eiψ, R)∗φ = R3φ.
The “orbit space” of the T 2 × R>0-action
The “orbit space” Σ of the T 2 × R>0-action can be described as follows:
Σ = Σ1 ⊔ Σ2 ⊔ Σ3 ⊔ Σ4 ⊔ Σ5 ⊔ Σ6,
Σ1 = {(y1, 0, y3, 0, a1, a2, a3) ∈ S6; y1, y3 > 0},
Σ2 = {(0, 0, y3, 0, a1, a2, 0) ∈ S6; y3 > 0, a2 > 0},
Σ3 = {(y1, 0, 0, 0, a1, a2, 0) ∈ S6; y1 > 0, a2 > 0},
Σ4 = {(0, 0, 0, 0, a1, a2, 0) ∈ S6; a2 > 0} ⊔ {(0, 0, y3, 0, a1, 0, 0) ∈ S6; y3 > 0}
⊔ {(y1, 0, 0, 0, a1, 0, 0) ∈ S6; y1 > 0},
Σ5 = {(0, 0, 0, 0, 1, 0, 0)}, Σ6 = {0}.
Then we have T 2 × R>0 · Σ = R7. The orbit topology is described as
follows:
T 2 × R>0 · x ∼=

T 2 × R>0 (x ∈ Σ1 ⊔ Σ2 ⊔ Σ3),
S1 × R>0 (x ∈ Σ4),
R>0 (x ∈ Σ5),
∗ (x ∈ Σ6).
A path in the “orbit space”
Define the basis {X1, X2} of the Lie algebra t2 of T 2 by X1 = (1, 0), X2 =
(0, 1) ∈ R2 ∼= t2. Denote by X∗ the vector field on R7 generated by X ∈ t2,
and r ∂
∂r
















































)|c = 0, (3.2.10)
φ(X∗1 , X
∗








, ċ)|c = 0. (3.2.13)
By a direct computation, we have
φ(X∗1 , X
∗
2 , ·) = d(Re(z1z2w)), φ(X∗1 , X∗2 , r ∂∂r ) = 3Re(z
1z2w), (3.2.14)
and hence the equation (3.2.11) follows from (3.2.10). For the equations
(3.2.10), (3.2.12) and (3.2.13), we have the following. The proof is given in
the appendix.
Proposition 3.2.3. Denote c(t) = (y1(t), 0, y3(t), 0, a1(t), a2(t), a3(t)). Then
the equations (3.2.10), (3.2.12) and (3.2.13) are equivalent to











((y3)2 − |w|2) + (−(y3)2 + |w|2)ȧ1 + (y1y3ȧ3 − 2ẏ1y3a3 + y1ẏ3a3) = 0.
(3.2.17)
Some solutions of the differential equations
First, we study the case c : I → Σ1. Since y1, y3 > 0 on Σ1, we see a2 = 0.
In general, it is hard to solve the equations (3.2.16), (3.2.17) explicitly. We
rewrite them and try to find some solutions under certain conditions.
Since the corresponding coassociative submanifold to the case a1, a3 ≡ 0
is the 0-section, we may assume that |a1|2 + |a3|2 > 0. Then we have the
following.
Lemma 3.2.4. Set y1(t) = cos γ(t) · cosα(t), y3(t) = cos γ(t) · sinα(t),
a1(t) = sin γ(t) · cos β(t), a3(t) = sin γ(t) · sin β(t) for smooth functions









cos β = 0, (3.2.18)
2γ̇
sin(2γ)
+ tan(2α− β) · (α̇ + β̇) = 0. (3.2.19)
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Proof. Subtraction and addition of (3.2.16) and (3.2.17) imply (3.2.18) and
(3.2.19).
To find solutions of (3.2.18) and (3.2.19), we suppose that α, β or γ is
constant.
First, suppose that γ is constant. Then we have
sin β ·
{
2β̇ − 3 cos2 γ · (α̇ + β̇)
}
= 0, tan(2α− β) · (α̇ + β̇) = 0.
The latter shows that 2α − β ∈ πZ because α̇ + β̇ = 0 implies that both α




4− 9 cos2 γ
)
· α̇ = 0,
which implies that cos γ = 2/3, for the same reason. However, the corre-
sponding submanifold is SU(2)-invariant, so this is given in Theorem 1.0.1.
Actually, the corresponding submanifold is described as follows.































|z1|2 − |z2|2, 2iz1z2
))




















Next, suppose that β is constant. In this case, we can find no paths in Σ.
Finally, suppose that α is constant. Then we have(
2− 3 cos2 γ
)
sin β · β̇ + γ̇
tan γ
cos β = 0,
2γ̇
sin(2γ)
+ tan(2α− β)β̇ = 0.
By separation of variables, we see
cos2 β sin2 γ = C(2− 3 cos2 γ), tan γ · cos(2α− β) = D
for C,D ∈ R. Eliminating the variable γ, we obtain
D2 cos2 β + C cos2(β − 2α) = 2CD2. (3.2.20)
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We may assume that β is not constant. Differentiating (3.2.20), we have
(D2 + C cos 4α) · sin 2β − C sin 4α · cos 2β = 0,
which implies D2 + C cos 4α = 0, C sin 4α = 0. Then we have sin 4α = 0,
and hence α = π/4, as α ∈ (0, π/2), and C = D2. Substituting this into
(3.2.20), we have C = 1/2, D = ±1/
√
2, which means that
y1 = y3 = ±a3 = cos γ/
√
2.
However, the corresponding coassociative submanifold is of the form L× R,
where L is a special Lagrangian cone with phase ±i in C3 given by [21].
Actually, the corresponding submanifold is described as
(T 2 × R) ·
{




(z1, z2, a1, w) ∈ C2 ⊕ R⊕ C; |z
1| = |z2| = |w|,





(z1, z2, w) ∈ C3; |z1| = |z2| = |w|,Re(z1z2w) = 0,±Im(z1z2w) > 0
}
.
When α, β and γ are not constant, we can rewrite (3.2.18) and (3.2.19)
as follows.
Proposition 3.2.5. Suppose that tan(2α − β) + 3 tan β ̸= 0 and cos β ̸= 0.
Then the equations (3.2.18) and (3.2.19) are equivalent to
d
dt
log(sin γ) = −2 tan β · tan(2α− β) · β̇




log(tan γ) = − tan(2α− β) · (α̇ + β̇). (3.2.22)
Proof. The equation (3.2.19) implies that α̇+ β̇ = 2γ̇/(sin(2γ) · tan(2α−β)).
Substituting this into (3.2.18), we have
γ̇
tan γ
= −2 tan β · tan(2α− β) · β̇




log(sin γ) = γ̇/ tan γ, d
dt
log(tan γ) = 2γ̇/ sin(2γ), the proof is done.
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This proposition implies Theorem 1.0.2. Since γ is separated from α and
β, we can describe γ in terms of α and β. Setting α = t, we can derive the
O.D.E. for β from sin2 γ + (sin γ/ tan γ)2 = 1. However, this turns out to be
complicated and hard to solve explicitly.
Next, we study the case c : I → Σ2. Then, the equation (3.2.15) always
holds. Equations (3.2.16), (3.2.17) are equivalent to
a1a2ȧ2 − (a2)2ȧ1 = 0, a1(y3ẏ3 − a2ȧ2) + (−(y3)2 + (a2)2)ȧ1 = 0.
These equations are solvable, and we have a1 = Ca2, (y3)2 − (a2)2 = D(a1)2
for C,D ∈ R. However, since we have (y3)2 + (a1)2 + (a2)2 = 1, the so-
lution implies that Image(c) has dimension 0. So we have no coassociative
submanifolds in this case. In the same way, we cannot find them in the case
c : I → Σ3. Because of the dimension, there is no need to consider the cases
c : I → Σ4,Σ5 or Σ6.
3.3 Coassociative submanifolds in Λ2−S
4




We introduce the complete metric on the bundle Λ2−S
4 of anti-self dual 2-
forms on the 4-sphere S4 obtained by Bryant and Salamon.
Since Λ2−S
4 has a connection induced by the Levi Civita connection on S4,
the tangent space Tω(Λ
2
−S
4) has a canonical splitting Tω(Λ
2
−S
4) ∼= Hω ⊕ Vω
into horizontal and vertical subspaces for each ω ∈ Λ2−S4.
Proposition 3.3.1 (Bryant and Salamon [12], [26]). For λ > 0, define the














where scalS4 is the scalar curvature of the metric on S
4, sλ = (λ + r
2)1/4, r
is the distance function measured by the fiber metric induced by that on S4,
τ is a tautological 2-form and volV is the volume form of gV on the vertical
fiber. Then for each λ > 0, (Λ2−S
4, φλ, gλ) is a torsion-free G2-manifold with
Hol(gλ) = G2 and the metric gλ is complete.
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We can describe φλ by local coordinates as follows. Let {e1, e2, e3, e4}
be a local oriented orthonormal coframe with its standard metric. Define
2-forms ωi as
ω1 = e12 − e34, ω2 = e13 − e42, ω3 = e14 − e23.
Then {ω1, ω2, ω3} is a local oriented coframe and induces the fiber coor-
dinate (a1, a2, a3). Let π : Λ2−S







iπ∗ωi. We write ∇ωi = Σ3j=1γij ⊗ ωj, where
∇ is the Levi-Civita connection of the standard metric on S4 and γij is
a local 1-form. If we denote bi = dai + Σ3j=1a
jπ∗γji , then we have dτ =
Σ3i=1b
i ∧ π∗ωi, volV = b123.








Subsequently, we use the stereographic local coordinate:
S4 − {x5 = 1} −→ R4
∈ ∈
(x1, · · · , x5) 7−→
(
x1




=: (y1, · · · , y4).
(3.3.1)
We can express the standard metric on S4 as gij(y) =
4
(1+|y|2)2 δij, where







is a local oriented orthonormal coframe and induces the local fiber coordinate
(a1, a2, a3) of Λ2−S
4. Since we have scalS4 = 12 with respect to this standard
metric on S4, we take scalS4 = 12 hereafter.
Remark 3.3.3. dvolV = −(scalS4/12) · rdr ∧ dτ = −rdr ∧ dτ .




{0-section} ∼= CP 3 × R>0. Actually,
g0 = 2rgS4 +
1
r




Set r = ρ2/4; then g0 = ρ
2gCP 3 + dρ
2. The metric gCP 3 is not the standard
metric, but a 3-symmetric Einstein, non-Kähler metric. The metric g0 is not
complete because of the singularity at 0, while it satisfies Hol(g0) = G2.
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Remark 3.3.5. A complete holonomy G2 metric is constructed not only on
Λ2−S
4 but also on Λ2−CP 2 in [12]. However, we cannot find such a “good” local
orthonormal coframe on CP 2. This coframe on Λ2−S4 makes the argument
possible as in the case of R7.
3.3.2 SU(2)-invariant coassociative submanifolds
In this section, we give a proof of Theorem 1.0.3.
SU(2)-action on Λ2−S
4
Since S4 ⊂ R5 = C2 ⊕ R, SU(2) acts on S4 in the canonical way and it lifts
to Λ2−S
4. This action preserves the G2-structure φλ for each λ > 0. By using
the coordinates, we can describe the action as follows.




∈ SU(2) acts on Λ2−S4 as
g · (z1, z2, a1, w) = (αz1 − βz2, βz1 + αz2,
(|α|2 − |β|2)a1 + 2Im(αβw), 2iαβa1 + (α2 − β2)w).
This description is the same as that on R7.
The “orbit space” of the SU(2)-action
The “orbit space” Σ of the SU(2)-action can be described as follows:
Σ = Σ1 ⊔ Σ2 ⊔ Σ3,
Σ1 = {(y1, 0, 0, 0, a1, a2, a3) ∈ R7; y1 > 0, ai ∈ R},
Σ2 = R>0v0 ⊔ R>0v∞, Σ3 = {x5 = ±1} ⊂ S4,
where v0 ∈ Λ2−S4|x5=−1 and v∞ ∈ Λ2−S4|x5=1 are fixed nonzero vectors. Then
we have SU(2) · Σ = Λ2−S4. The orbit topology is described as follows:
SU(2) · x ∼=

S3 (x ∈ Σ1),
S2 (x ∈ Σ2),
∗ (x ∈ Σ3).
These descriptions are the same as those on R7.
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A path in the “orbit space”
Define the basis {X1, X2, X3} of su(2) satisfying [Xj, Xj+1] = Xj+2(j ∈ Z/3)
as in the case of R7, and denote by X∗ the vector field on Λ2−S4 generated

























































j , ċ)|c = 0 (1 ≤ i, j ≤ 3). (3.3.3)
As in the case R7, the equation (3.3.2) is always satisfied. For the equations
(3.3.3), suppose c : I → Σ1. Then we see the following. The proof is given
in the appendix.
Proposition 3.3.6. Denote c(t) = (y1(t), 0, 0, 0, a1(t), a2(t), a3(t)). Then the





8 log(1 + (y1)2)− log(λ+ r2)
}
+ 4ȧi(y1)2 = 0 (i = 1, 2, 3). (3.3.4)
To solve (3.3.4), first consider the case t(a1(t), a2(t), a3(t)) = r(t)v⃗ for a
fixed vector v⃗ ∈ S2 ⊂ R3 and a smooth function r : I → R≥0. As in the case









+ 2(y1)2ṙ = 0. (3.3.5)










for C ∈ R, which is obtained by Maple 16 [38].
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where 2F1 is the hypergeometric function given by








for a, b, c, z ∈ C,Re(b) < Re(c), |z| < 1, and Γ(c) is the gamma function.






































When λ = 0, the equation (3.3.5) is solved as
−2(y1)2 + 1
3((y1)2 + 1)
· r3/4 = C. (3.3.11)
We exhibit the graph of (3.3.11). The solid curve indicates the case C > 0,
the dashed curve indicates the case C = 0 and the dotted curve indicates the
case C < 0. We see that the solution (3.3.6) is asymptotic to this graph as
λ→ 0.
Remark 3.3.9. From Remark 3.3.4, φ0 is a torsion-free G2 structure on
Λ2−S
4−{0-section} ∼= CP 3×R>0 with the cone metric. It is known that there
is a one-to-one correspondence between coassociative cones in CP 3 × R>0
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Figure 3.2: the graph of (3.3.11)
and special Lagrangian submanifolds with phase ±i in CP 3. In this case,










; r > 0
}
is a coassociative cone in Λ2−S
4 − {0-section} ∼= CP 3 × R>0, which is the
total space of the rank 1 bundle over S3, and thus corresponds to the special
Lagrangian submanifolds with phase ±i in CP 3.
The topology of the submanifolds
Set









In the previous subsection, we obtain the coassociative submanifold M̃C :=
SU(2) · {((y1, 0, 0, 0), rv⃗);F (y1, r) = C, r ≥ 0, y1 > 0} , where C ∈ R and v⃗ ∈
S2 ⊂ R3 is a fixed vector. M̃C is locally diffeomorphic to S3 × R. We see
that M̃C extends to y
1 ≤ 0 and y1 = ∞, and hence we have the coassociative
submanifold
MC := SU(2) ·
{
((y1, 0, 0, 0), rv⃗);F (y1, r) = C, r ≥ 0, y1 ∈ R ∪ {∞}
}
.
We can show a similar result as in Section 3.2.2 on the topology of MC .
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Proposition 3.3.10. For C ̸= 0, MC is diffeomorphic to the tautological







0 =M0 −M00 ,
M00 = SU(2) ·
{
((y1, 0, 0, 0, 0, 0, 0); y1 ∈ R ∪ {∞}
}
,
where M00 is the 0-section S
4 and M
′
0 is diffeomorphic to S
3 × R.
From the lemmas below, we can prove Proposition 3.3.10 as Proposition
3.2.2.
Lemma 3.3.11. Define the functions f, g : R≥0 → R by f(r) = F (0, r)
and g(r) = lim
y1→∞
F (y1, r). Then f (resp. g) is monotone increasing (resp.
decreasing) and takes values in [0,∞) (resp. (−∞, 0]).
Proof. We see that f(0) = 0 and f
′
(r) = (λ+ r2)−7/8 · r
√





















f(r) = ∞ by Lemma 3.3.8.
On the other hand, we see that g(0) = 0, g
′
(r) = −(λ+ r2)1/8/2
√
r ≤ 0.
The inequality g(r) ≤ −
∫ √r
0
a1/2da = −2r3/4/3 implies that lim
r→∞
g(r) = −∞.
As the functions f and g are continuous, we obtain the lemma.








(y1, r) ̸= 0 for (y1, r) ∈ Γ(C) (C ̸= 0) or Γ(0)∩{r ̸=
0}.
In particular, by the implicit function theorem, the curves Γ(C) (C ̸= 0)
and Γ(0) ∩ {r ̸= 0} do not have self intersection.
Proof. It is easy to see that ∂F
∂y1
= 0 if and only if y1 = 0, y1 = ∞ or r = 0.
Moreover, we see the following by Lemma 3.3.11:
When C > 0, we have y1 < ∞ and ∂F
∂r
(0, r) > 0 on Γ(C). When C < 0,




(y1, r) < 0 on Γ(C). On Γ(0)∩{r ̸= 0}, we have
y1 ̸= 0,∞.
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3.3.3 T 2-invariant coassociative cones
In this section, we give a proof of Theorem 1.0.4.
T 2 × R>0-action on Λ2−S4 − {0-section}
Since S4 ⊂ R5 = C2 ⊕ R, T 2 acts on S4 in a canonical way, and this action
lifts to Λ2−S
4 − {0-section}. R>0 acts by fiberwise multiplications. By the
coordinates in Section 3.3.2, we can describe the action as
(eiθ, eiψ, R) · (z1, z2, a1, w) = (eiθz1, eiψz2, Ra1, Rei(ψ−θ)w),
where (eiθ, eiψ, R) ∈ T 2×R>0, and it satisfies (eiθ, eiψ, R)∗φ0 = R3/2φ0. These
descriptions are slightly different from those on R7.
The “orbit space” of the T 2 × R>0-action
The “orbit space” Σ of the T 2 × R>0-action can be described as follows:
Σ = Σ1 ⊔ Σ2 ⊔ Σ3 ⊔ Σ4 ⊔ Σ5,




Σ2 = {(0, 0, y3, 0, a1, a2, 0) ∈ R7; y3 > 0, a2 > 0, (a1)2 + (a2)2 = 1},
Σ3 = {(y1, 0, 0, 0, a1, a2, 0) ∈ R7; y1 > 0, a2 > 0, (a1)2 + (a2)2 = 1},
Σ4 = {(0, 0, 0, 0, a1, a2, 0) ∈ R7; a2 > 0, (a1)2 + (a2)2 = 1}
⊔ {(0, 0, y3, 0,±1, 0, 0) ∈ R7; y3 > 0} ⊔ {(y1, 0, 0, 0,±1, 0, 0) ∈ R7; y1 > 0},
Σ5 = {(0, 0, 0, 0, 1, 0, 0)}.
Then we have T 2 × R>0 · Σ = Λ2−S4 − {0-section}|x5 ̸=1. The orbit topology
is described as follows:
T 2 × R>0 · x ∼=

T 2 × R>0 (x ∈ Σ1 ⊔ Σ2 ⊔ Σ3),
S1 × R>0 (x ∈ Σ4),
R>0 (x ∈ Σ5).
A path in the “orbit space”
Define the basis {X1, X2} of t2 by X1 = (1, 0), X2 = (0, 1) ∈ R2 ∼= t2. Denote
by X∗ the vector field on Λ2−S
4 − {0-section} generated by X ∈ t2 and r ∂
∂r
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, ċ)|c = 0. (3.3.15)


























and hence the equation (3.3.13) follows from (3.3.12). For (3.3.12), (3.3.14)
and (3.3.15), we have the following. The proof is given in the appendix.
Proposition 3.3.13. Denote c(t) = (y1(t), 0, y3(t), 0, a1(t), a2(t), a3(t)). Then
the equations (3.3.12), (3.3.14) and (3.3.15) are equivalent to
y1y3a2 = 0, (3.3.18)
− 8y
1(a1ẏ1 + a3ẏ3)
(1 + (y1)2 + (y3)2)2
+
1− (y1)2 + (y3)2

















(1 + (y1)2 + (y3)2)2
− 1 + (y
1)2 − (y3)2

















b1(ċ) = ȧ1 +
2a3(−y3ẏ1 + y1ẏ3)
1 + (y1)2 + (y3)2
, b2(ċ) = ȧ2, b1(ċ) = ȧ3 +
2a1(y3ẏ1 − y1ẏ3)
1 + (y1)2 + (y3)2
.
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Some solutions of the differential equations
First, we study the case c : I → Σ1. Since y1, y3 > 0 on Σ1, we see a2 = 0.






















where |z|2 = (y1)2 + (y3)2 and
a1b3(ċ)− a3b1(ċ) = a1ȧ3 − ȧ1a3 + 2
1 + |z|2
(−y1ẏ3 + ẏ1y3).
In general, it is hard to solve (3.3.21) and (3.3.22) explicitly. Thus under
some conditions, we try to find some solutions.











which imply y1ẏ1 + y3ẏ3 = 0. Thus (y1)2 + (y3)2 = C for C ≥ 0 follows. The
equation (3.3.23) is equivalent to y1ẏ1(−2 + C) = 0.
If C ̸= 2, we know that y1, y3 are constant. This implies that Image(c)





∈ C2 ⊕ R⊕ C; (y
1)2 + (y3)2 = 2, y1, y3 > 0,
R > 0, θ, ψ ∈ R
}






∈ C2 ⊕ R⊕ C; |z1|2 + |z2|2 = 2, R > 0
}
.
Each of M± is diffeomorphic to S3 × R>0 and is not invariant under the
SU(2)-action in Section 3.3.2. By using the coordinates (x1, · · · , x5) in R5,
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we see that
M± ∩ S4 =
{(
x1, · · · , x5
)




As in the case R7, we can rewrite the equations by y1(t) = k(t) · cosα(t),
y3(t) = k(t) · sinα(t), a1(t) = cos β(t), a3(t) = sin β(t) for smooth functions
α : I → (0, π/2), β : I → R and k : I → R>0. However, the rewritten
equations are not as simple as in the case R7. If we suppose that k is constant,
we have k = 1/
√
2, β − 2α ∈ πZ, which is the only explicit solution that we
can find. The corresponding coassociative submanifold is SU(2)-invariant
and so this is given in Theorem 1.0.3.
Next, we study the case c : I → Σ2. Then the equation (3.3.18) is always
satisfied. Equations (3.3.19), (3.3.20) are equivalent to
a1a2ȧ2 − (a2)2ȧ1 = 0, 8a1y3ẏ3 + (1− (y3)4){a1a2ȧ2 + (a2)2ȧ1} = 0.
Since (a1)2 + (a2)2 = 1, we obtain a1 = const., and a1y3ẏ3 = 0. If a1 ̸= 0,
we have y3 = const. However, the solution above implies that Image(c) has
dimension 0. So we have no coassociative submanifolds in this case. When
a1 = 0,
T 2 × R>0 · {(0, 0, y3, 0, 0, 1, 0) ∈ R7; y3 > 0}
is a T 2-invariant coassociative cone which is an open dense set of T ∗S2.
In general, it is known by [43] that for each totally geodesic S2 ⊂ S4, the
orthonormal bundle of the line bundle R(volS2−∗volS2) ⊂ Λ2−S4|S2 is also the
coassociative submanifold of (Λ2−S
4, φλ) for each λ > 0, which is identified
with T ∗S2.
In the same way, we can find an open dense set of T ∗S2 in the case
c : I → Σ3. Because of the dimension, there is no need to consider the cases





4.1 Relations to Calabi-Yau manifolds
The only connected Lie subgroups of G2 which can be the holonomy group of
a Riemannian metric on a 7-dimensional manifold are {1}, SU(2), SU(3) and
G2. The inclusions SU(2), SU(3) ⊂ G2 imply that we can make aG2-manifold
from a Calabi-Yau 2- or 3-fold with holonomy SU(2) or SU(3). Showing how
to do this, we learn how to construct (co)associative submanifolds in each
case.
Definition 4.1.1. A quintuple (M,h, J, ω,Ω) is called a Calabi-Yau m-
fold if
• A quadruple (M,h, J, ω) is an m-dimensional Kähler manifold with a
Kähler metric h, a complex structure J , and an associated Kähler form
ω.
• Ω is a nowhere vanishing holomorphic (m, 0)-form on M .





Then for any θ ∈ R, Re(e−
√
−1θΩ) defines a calibration onM . A real oriented
m-dimensional submanifold of M is called a special Lagrangian subman-
ifold of M with phase e
√




By definition, the following examples appear immediately.
Example 4.1.2. Let (M,h, J, ω,Ω) be a Calabi-Yau 3-fold, I be a circle
S1 or R, and x be a coordinate on I. Then (Y, φ, g) := (I ×M,dx ∧ ω +
ReΩ, dx2 + h) is a torsion-free G2-manifold with ∗φ = ω2/2 − dx ∧ ImΩ. If
the following are satisfied:
• Σ is a holomorphic curve in M (i.e. Σ is a ω-submanifold),
• Le√−1θ is a special Lagrangian submanifold of M with phase e
√
−1θ,
• S is a holomorphic surface in M (i.e. S is a ω2/2-submanifold),
then with an appropriate orientation,
1. I × Σ is an associative 3-fold in Y ,
2. I × L±√−1 is a coassociative 4-fold in Y ,
3. {x} × L1 is an associative 3-fold in Y (x ∈ I),
4. {x} × S is a coassociative 4-fold in Y (x ∈ I).
Signs of the phases of special Lagrangian submanifolds depend on the orien-
tation.
Example 4.1.3. Let (M,h, J, ω,Ω) be a Calabi-Yau 2-fold and (x1, x2, x3)
be a coordinate on I3. Then Y = I3 ×M is a torsion-free G2-manifold with
a 3-form φ and a metric g defined by
φ = dx1 ∧ dx2 ∧ dx3 + dx1 ∧ ω + dx2 ∧ ReΩ− dx3 ∧ ImΩ,





∗φ = ω2/2 + dx2 ∧ dx3 ∧ ω − dx1 ∧ dx3 ∧ ReΩ− dx1 ∧ dx2 ∧ ImΩ.
Since SU(2) = Sp(1), a Calabi-Yau 2-fold M is hyperkähler. So we have
complex structures J0, J1, J2 on M satisfying J0J1J2 = −idTM associated
with h and ImΩ, ω,ReΩ, respectively. For (x1, x2, x3) ∈ I3, m ∈M , if
• O ⊂ I is an open interval and UM ⊂ M is an open set (i.e. UM is a
ω2/2-submanifold),
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• Σi is a Ji-holomorphic curve (i.e. Σ0 is an ImΩ-submanifold, Σ1 is a
ω-submanifold and Σ2 is a ReΩ-submanifold),
then with an appropriate orientation,
1. I2 × (O × {m}) is an associative 3-fold in Y .
2. I2 × ({x3} × Σ0) is a coassociative 4-fold in Y .
3. I × {x2} × ({x3} × Σ1) is an associative 3-fold in Y .
4. I × {x2} × (O × Σ2) is a coassociative 4-fold in Y .
5. {(x1, x2)} × (O × Σ0) is an associative 3-fold in Y .
6. {(x1, x2)} × ({x3} × UM) is a coassociative 4-fold in Y .
We generalize Examples 4.1.2, 4.1.3 to G2-manifolds on which S
1 or T 2
acts freely.
4.2 S1 reduction of G2-manifolds
4.2.1 Calibrated submanifolds in the S1 quotient spaces
Let (Y, φ̃, g̃) be aG2-manifold and suppose that S
1 acts freely on Y preserving
the G2-structure. In this section, we discuss calibrated submanifolds in Y in
terms of submanifolds in Y/S1.
From [4], we see that the quotient space Y/S1 admits an SU(3)-structure,
a reduction of the total coframe bundle to an SU(3)-bundle. It is a gener-
alization of the Calabi-Yau structure (the torsion-free SU(3)-structure). We
define an SU(3)-structure in terms of tensors here.
Definition 4.2.1. [13], [14] A quintuple (g, J, σ, ψ±) on a real 6-dimensional
manifold N is called an SU(3)-structure if
• A quadruple (N, g, J, σ) is an almost Hermitian manifold with a Hermi-
tian metric g, an almost complex structure J and an associated Kähler
form σ.
• ψ± ∈ Ω3(N) are 3-forms on N with norms ∥ψ±∥ = 2 satisfying ψ− =
ψ+(J ·, J ·, J ·) and Ψ := ψ+ +
√
−1ψ− is a (3, 0)-form w.r.t. J .
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Remark 4.2.2. The forms ψ± are (3, 0)+(0, 3)-form w.r.t. J so ψ±(J ·, J ·, ·) =
−ψ±. These forms are subject to the following compatibility relations:
σ ∧ ψ± = 0, ψ+ ∧ ψ− = 2
3
σ3.
The former is equivalent to saying that σ is a (1,1)-form w.r.t. J . The




−1/2)3Ψ ∧ Ψ̄. Therefore the
SU(3)-structure with a Kähler structure and a holomorphic (3, 0)-form Ψ is
a Calabi-Yau structure.
Remark 4.2.3. For any θ ∈ R, p ∈ N and oriented 3-dimensional subspace
V ⊂ TpN , we have Re(e−
√
−1θΨ)|V ≤ volV . As in the Calabi-Yau case, an
oriented 3-dimensional submanifold L ⊂ N is called a special Lagrangian





Proposition 4.2.4. [4] 1 Let (Y, φ̃, g̃) be a G2-manifold and suppose that S
1
acts freely on Y preserving the G2-structure. Then Y/S
1 admits an SU(3)-
structure (g, J1, τ1, ψ
±).
These tensors can be described as follows. LetX∗1 ∈ X(Y ) be a vector field
generated by the S1-action, and let π1 : Y → Y/S1 be the projection. Define





−1/2 ∈ C∞(Y ), a 1-form η̃1 = g̃(·, t̃21X∗1 ) ∈ Ω1(Y ),
a 2-form σ̃1 = i(X
∗
1 )φ̃ ∈ Ω2(Y ) and a 3-form Ψ̃− = −i(X∗1 )(∗φ̃) ∈ Ω3(Y ).
The 1-form η̃1 is a connection 1-form of π1 : Y → Y/S1 since η̃1 is S1-
invariant and satisfies η̃1(X
∗
1 ) = 1. The tensors t̃1, σ̃1, Ψ̃
− induce a function
t1 ∈ C∞(Y/S1), a 2-form σ1 ∈ Ω2(Y/S1) and a 3-form Ψ− ∈ Ω3(Y/S1). Then
(g, J1, τ1, ψ
±) is given by
• g = (π1)∗g̃, the pushforward of g̃,
• τ1 = t1σ1,
• J1 : an almost complex structure satisfying g(J1·, ·) = τ1,
• ψ− = t1Ψ−,
• ψ+ = −ψ−(J1·, J1·, J1·) = ψ−(J1·, ·, ·).
1An SU(3)-structure on Y/S1 introduced in [4] seems different from ours. In fact,
for any SU(3)-structure (g, J, σ, ψ+) and positive smooth function r : Y/S1 → R>0,
(g′, J ′, σ′, ψ+
′
) := (r2g, J, r2σ, r3ψ+) also defines an SU(3)-structure on Y/S1. So we
can define the SU(3)-structure on Y/S1 as above.
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Remark 4.2.5. We can recover the metric g̃ and the G2-structure φ̃ on Y
as follows:
g̃ = π∗1g + t̃
−2
1 η̃1 ⊗ η̃1





1 − t̃−11 η̃1 ∧ π∗1ψ−
These descriptions are similar to Example 4.1.2. In fact, a similar state-
ment holds for (co)associative submanifolds in Y .
Here, we give the proof of Theorem 1.0.5.
Proof of Theorem 1.0.5. The proof is implied from Example 4.1.2. Fix one
of the orientations of submanifolds. The same proof is valid for another
orientation.
Proof of 1 : Take any x ∈ L3S1 and choose an arbitrary oriented orthonor-
mal basis {t̃1(X∗1 )x, ṽ1, ṽ2} of TxL3S1 . Then {v1, v2} = {π1∗ṽ1, π1∗ṽ2} is an




S1 is associative if and
only if φ̃(t̃1(X
∗
1 )x, ṽ1, ṽ2) = 1. By Remark 4.2.5, this condition is equivalent
to g(J1v1, v2) = 1, and hence v2 = J1v1 follows from the Cauchy-Schwarz
inequality. So T (π1(L
3
S1)) is J1-invariant and π1(L
3
S1) is a J1-holomorphic
curve.
Proof of 2 : Take any x ∈ L4S1 and choose an arbitrary oriented orthonor-
mal basis {t̃1(X∗1 )x, ṽ1, ṽ2, ṽ3} of TxL4S1 and vi = π1∗ṽi ∈ Tπ1(x)(π1(L4S1)).
Then L4S1 is coassociative if and only if ∗φ̃(t̃1(X∗1 )x, ṽ1, ṽ2, ṽ3) = 1. This is
equivalent to −ψ−(v1, v2, v3) = 1. Namely, π1(L4S1) ⊂ Y/S1 is a special La-
grangian submanifold with phase −
√
−1. Note that for another orientation
of L4S1 , we see that π1(L
4




Proof of 3 : Take any x ∈ L3p and choose an arbitrary oriented orthonor-
mal basis {ṽ1, ṽ2, ṽ3} of TxL3p and vi = π1∗ṽi ∈ Tπ1(x)(π1(L3p)). By definition,
we have η̃1(ṽi) = 0. Then L
3
p is associative if and only if φ̃(ṽ1, ṽ2, ṽ3) = 1.
This is equivalent to ψ+(v1, v2, v3) = 1.
Proof of 4 : We follow the proof in [6]. Similarly to the former proof,
we see L4p is coassociative if and only if τ
2
1 /2|Tπ1(x)(π1(L4p)) = volTπ1(x)(π1(L4p))
for any x ∈ L4p. By the spectral decomposition of the skew-symmetric 2-
form τ1|Tπ1(x)(π1(L4p)), we know that there exists an oriented orthonormal ba-





τ1|Tπ1(x)(π1(L4p)) = λ1α1 ∧ α2 + λ2α3 ∧ α4
for some λi ∈ R. Then it follows that τ 21 /2|Tπ1(x)(π1(L4p)) = λ1λ2α1 ∧ α2 ∧
α3 ∧ α4 = λ1λ2volTπ1(x)(π1(L4p)). On the other hand, λi = τ1(w2i−1, w2i) =
g(J1w2i−1, w2i) ≤ 1 holds by the Cauchy-Schwarz inequality, where the equal-
ity holds if and only if w2i = J1w2i−1.
Since τ 21 /2|Tπ1(x)(π1(L4p)) = volTπ1(x)(π1(L4p)), we have λ1 = λ2 = 1. This
implies that T (π1(L
4
p)) is J1-invariant and hence π1(L
4
p) is a J1-holomorphic
surface.
4.2.2 Application to (Sine) Cones
A similar statement holds when a G2-manifold is a (sine) cone. First, we
introduce the notion of nearly Kähler manifolds.
Definition 4.2.6. [13], [14] ,[46] Let (g, J, σ, ψ±) be an SU(3)-structure on
a 6-dimensional manifold N . An SU(3)-structure satisfying dσ = 3ψ+ and
dψ− = −2σ2 is called nearly Kähler.
Remark 4.2.7. [46] 2 Let (N, g, J) be a 6-dimensional almost Hermitian
manifold. Then the following are equivalent:
• N admits a nearly Kähler structure,
• (∇XJ)X = 0 for every vector field X on N and ∇XJ ̸= 0 for every
0 ̸= X ∈ TN , where ∇ is the Levi-Civita connection of g.
Lemma 4.2.8. [14] ,[46] Let (N, g, J, σ, ψ±) be a nearly Kähler manifold.
Then C(N) = N × R>0 admits a torsion-free G2-structure with
g̃ = dr2 + r2g, φ̃ = r2dr ∧ σ + r3ψ+ = 1
3
d(r3σ),





The metric is just the cone metric on C(N). Thus nearly Kähler manifolds
are analogue of Sasakian manifolds whose cones are Kähler manifolds.
2Our definition of nearly Kähler corresponds to that of “strictly” nearly Kähler in [46].
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Lemma 4.2.9. [8] Let (N, g, J, σ, ψ±) be a nearly Kähler manifold. Then
Cs(N) = N × (0, π) (a sine cone of N) admits a nearly parallel G2-structure
(φ̃, g̃) (see Definition 2.2.3) with
g̃ = dt2 + sin2 tg,
φ̃ = sin2 tdt ∧ σ + cos t sin3 tψ+ − sin4 tψ−,
∗φ̃ = 1
2
sin4 tσ2 + sin3 t cos tψ− ∧ dt− sin4 tdt ∧ ψ+.
Remark 4.2.10. Since C(N) is a torsion-free G2-manifold, C(Cs(N)) ∼=
R × C(N) admits a torsion-free Spin(7)-structure. The nearly parallel G2-
structure on Cs(N) is induced from the torsion-free Spin(7)-structure on
C(Cs(N)).
Noting that there are no coassociative submanifolds of a nearly parallel
G2-manifold (see Lemma 2.2.12), we can prove the results similar to Theorem
1.0.5 as follows.
Proposition 4.2.11. Let (N, g, J, σ, ψ±) be a nearly Kähler manifold. From
Lemma 4.2.8, the cone C(N) = N ×R>0 admits a torsion-free G2 structure.
If Lk ⊂ N is an oriented k-dimensional submanifold (k = 2, 3, 4) and r ∈
R>0, then with an appropriate orientation,
1. C(L2) = L2 × R>0 ⊂ C(N) is an associative 3-fold if and only if L2 is
a J-holomorphic curve.
2. C(L3) = L3 ×R>0 ⊂ C(N) is a coassociative 4-fold if and only if L3 is
a special Lagrangian submanifold with phase ±
√
−1.
3. L3 × {r} ⊂ Y is an associative 3-fold if and only if L3 is a special
Lagrangian submanifold with phase 1,
4. L4 × {r} ⊂ Y is a coassociative 4-fold if and only if L4 is a J-
holomorphic surface.
Proposition 4.2.12. Let (N, g, J, σ, ψ±) be a nearly Kähler manifold. From
Lemma 4.2.9, the sine cone Cs(N) = N × (0, π) admits a nearly parallel G2
structure. If Lk ⊂ N be an oriented k-dimensional submanifold (k = 2, 3)
and t ∈ (0, π), then with an appropriate orientation,
1. Cs(L
2) = L2 × (0, π) ⊂ Cs(N) is an associative 3-fold if and only if L2
is a J-holomorphic curve,
2. L3 × {t} ⊂ Cs(N) is an associative 3-fold if and only if L3 is a special




4.3 T 2 reduction of almost G2-manifolds
Let (Y, φ̃, g̃) be an almost G2-manifold on which a 2-torus T
2 acts preserving
the G2-structure. As in the former section, we discuss the geometry on the
quotient space “Y/T 2”.
4.3.1 Multi-moment maps and reduced spaces
We use the multi-moment map introduced by Madsen and Swann [35], which
is a generalization of the moment map in symplectic geometry.
Definition 4.3.1. Let (Y, φ̃, g̃) be an almost G2-manifold on which a 2-




2 ∈ X(Y )
generated by a basis {X1, X2} of the Lie algebra t2 of T 2. A T 2-invariant




2 , ·) = dν̃.
The multi-moment map is defined for any Lie group G in [35]. We focus
here on the case G = T 2. Results on the existence exist for multi-moment
map, corresponding to those of the moment map in symplectic geometry.
Proposition 4.3.2. [35] The multi-moment map for a T 2-action exists if
either
• b1(Y ) = 0, where b1(Y ) is the first Betti number of Y ,
• φ̃ = dκ̃ with a 2-form κ̃ ∈ Ω2(Y ) preserved by the T 2-action.
Proposition 4.3.3. For y ∈ Y , the following are equivalent:
• (dν̃)y = 0,
• (X∗1 )y and (X∗2 )y are linearly dependent,
• dim(T 2-orbit through y) < 2.
Madsen and Swann [35] considered a “T 2-reduction” of a torsion-free G2-
manifold and show that a reduced space admits a “coherently tri-symplectic”
structure, which consists of three symplectic structures satisfying some con-
ditions, but not necessarily satisfying the hyperkähler relation. We can show
that the reduced space admits three 2-forms which are not necessarily closed
but satisfy the hyperkähler relation.
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Proposition 4.3.4. Let (Y, φ̃, g̃) be an almost G2-manifold on which a 2-
torus T 2 acts preserving the G2-structure. Suppose that there exists a multi-
moment map ν̃ : Y → R, and that T 2 acts freely on ν̃−1(α) for a regular
value α of ν̃. Then Mα := ν̃
−1(α)/T 2 (a T 2-reduction of Y at level α) is a
smooth 4-manifold.
On the reduced space Mα, there exists a metric gα induced from g̃. De-
fine three nondegenerate 2-forms τ0,α, τ1,α, τ2,α ∈ Ω2(Mα) as those induced




1 ) ∗ φ̃, τ̃1 = i(X∗
′
1 )φ̃, τ̃2 = i(X
∗′
2 )φ̃ ∈ Ω2(Y ),
respectively. Here {X∗′1 , X∗
′
2 } are orthonormal vector fields on Y obtained
from {X∗1 , X∗2} via the Gram-Schmidt process. If Ji,α is an almost complex
structure associated with gα and τi,α(0 ≤ i ≤ 2), then we have
• A quintuple (Mα, J0,α, J1,α, J2,α, gα) is an almost hyperkähler manifold,
(i.e. J0,αJ1,αJ2,α = −idTMα and gα is Hermitian w.r.t. each Ji,α.)
• τi,α = gα(Ji,α·, ·), for 0 ≤ i ≤ 2.
The proof is given by a local argument, which follows from the next
lemma.
Lemma 4.3.5. Choose any y ∈ Y , where (X∗1 )y and (X∗2 )y are linearly
independent. Let {Ei}1≤i≤7 be the standard basis of R7 and {ei}1≤i≤7 be its
dual.
Since G2 acts transitively on the Grassmanian of oriented 2-planes in R7
[10], by the definition of G2-structure, there exists an oriented isomorphism




2 )y and φ0, E1, E2, respec-
tively. Via this identification, we see the following:
• dν̃ = 1
h
e3,





• τ̃0 = e56 + e47, τ̃1 = e23 + e45 + e67, τ̃2 = −e13 + e46 − e57,




= ∥X∗1 ∧ X∗2∥ =
√
∥X∗1∥2∥X∗2∥2 − g(X∗1 , X∗2 )2. With respect to the

































= ∥X∗1∥, b =











Hence dν̃ = φ̃(X∗1 , X
∗
2 , ·) = 1hφ0(E1, E2, ·) =
1
h
e3. Other formulas follow
similarly.
4.3.2 Coassociative submanifolds in the reduced space
In this subsection, we consider coassociative submanifolds in almost G2-
manifolds using the multi-moment map and the reduced space.
Lemma 4.3.6. Let (Y, φ̃, g̃) be an almost G2-manifold with a T
2-action on
Y preserving the G2-structure. Suppose that there exists a multi-moment
map ν̃ : Y → R for the T 2-action. Then for every connected T 2-invariant
coassociative 4-fold L, there exists α ∈ R satisfying
L ⊂ ν̃−1(α).
Proof. Since L is T 2-invariant, for any p ∈ L, (X∗1 )p, (X∗2 )p ∈ TpL holds.
Moreover, L is a coassociative 4-fold if and only if φ̃|L = 0. Thus
dν̃|TpL = φ̃((X∗1 )p, (X∗2 )p, ·)|TpL = 0.
This implies the lemma because L is connected.
Theorem 4.3.7. [27] Let (Y, φ̃) be an almost G2-manifold with a T
2-action
preserving the G2-structure. Suppose that there exists a multi-moment map
ν̃ : Y → R for the T 2-action and that for a regular value α of ν̃, T 2
acts freely on ν̃−1(α). Let π2,α : ν̃
−1(α) → ν̃−1(α)/T 2 = Mα be the pro-
jection. By Proposition 4.3.4, Mα admits an almost hyperkähler structure
(J0,α, J1,α, J2,α, gα).
Then for an oriented 2-dimensional submanifold Σ ⊂ Mα, the following
are equivalent:
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1. π−12,α(Σ) is a T
2-invariant coassociative 4-fold of Y,
2. τ1,α|Σ = τ2,α|Σ = 0,
3. Σ is a J0,α-holomorphic curve.
Proof. First, we prove the equivalence of 1 and 2. Take any x ∈ π−12,α(Σ)
and choose an arbitrary basis {(X∗′1 )x, (X∗
′
2 )x, ṽ1, ṽ2} of Tx(π−12,α(Σ)). Then






2 , ṽi) = 0 (i = 1, 2), φ̃(X
∗′
j , ṽ1, ṽ2) = 0 (j = 1, 2).
The first condition is always satisfied since π−12,α(Σ) ⊂ ν̃−1(α). The second
condition is equivalent to τj,α(v1, v2) = 0. This implies the equivalence of 1
and 2.
Next, we prove the equivalence of 2 and 3.
Take any p ∈ Σ and choose any orthonormal basis {v1, v2} of TpΣ. We
can take {v1, J0,αv1, J1,αv1, J2,αv1} as an orthonormal basis of TpMα. Then
the statement 3 holds if and only if τk,α(v1, v2) = gα(Jk,αv1, v2) = 0 (k =
1, 2), which is equivalent to v2 = ±J0,αv1, namely Σ is a J0,α-holomorphic
curve.
Corollary 4.3.8. As in Corollary 1.0.7, we see that ν̃−1(α)(⊂ Y ) is locally
fibrated by T 2-invariant coassociative 4-folds from Theorem 4.3.7.
4.3.3 Calibrated submanifolds in the T 2 quotient spaces
Let (Y, φ̃, g̃) be an almost G2-manifold on which T
2 acts freely preserving
the G2-structure. Consider the quotient space Y/T
2. As in the S1 case, we
see the relation between submanifolds of Y and Y/T 2. First, we introduce
the generalized notion of “pseudo-holomorphic curves” from [11].
Definition 4.3.9. An almost CR-structure on a smooth manifold M is
a subbundle E ⊂ TM of even rank equipped with a bundle map J : E → E
of J2 = −idE. A (real) submanifold S ⊂ M is said to be E-holomorphic
or CR J-holomorphic if TS ⊂ E|S and TS is J-invariant. An almost CR
structure (E, J) is said to be a CR structure if the Nijenhuis tensor of J
vanishes.
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Proposition 4.3.10. Let (Y, φ̃, g̃) be an almost G2-manifold with a free T
2-
action preserving the G2-structure. Let π2 : Y → Y/T 2 be the projection.
Suppose that there exists a multi-moment map ν̃ : Y → R for the T 2-action.
Let ν : Y/T 2 → R be a map induced from ν̃ and put Q = ker(dν) ⊂ T (Y/T 2).
Then there exist bundle maps Ji : Q→ Q (i = 0, 1, 2) satisfying J0J1J2 =
−idQ and each (Q, Ji) is an involutive almost CR-structure on Y/T 2.
Proof. Since the T 2-action is free, dν̃ ̸= 0 holds everywhere and so Q = ker dν
is a rank 4 involutive subbundle. For an arbitrary point q ∈ Y/T 2, we see
Qq = Tq(ν
−1(ν(q))) = Tq(Mν(q)).
From Proposition 4.3.4, we can define an almost complex structure Ji on
Q by (Ji)q = Ji,ν(q). Thus we see that (Q, Ji) is an almost CR-structure on
Y/T 2.
Decompose T 2 = S11 ×S12 , and suppose the S1i -action generates the vector
field X∗i . Let π1 : Y → Y/S11 , π2,1 : Y/S11 → Y/T 2 and π2 : Y → Y/T 2 be
the projections satisfying π2 = π2,1 ◦π1. If tensors ζ̃ on Y induces tensors on
Y/S11 and Y/T
2, we denote these by ζ on Y/S11 and ζ on Y/T
2, respectively.
Lemma 4.3.11. (relations between S1 and T 2 reductions)
By Proposition 4.2.4 and 4.3.10, we see that there exists an SU(3)-structure
(g, J1, τ1, ψ
±) on Y/S11 and almost CR structures (Q = ker dν, Ji) on Y/T
2 (i =
0, 1, 2). Define 1-forms θ̃′i = g̃(X
∗′
i , ·) ∈ Ω2(Y ) (i = 1, 2) and 2-forms
τ i = g(Ji·, ·) ∈ Ω2(Y/T 2) (i = 0, 1, 2). Then we have








(π2,1)∗ ◦ J1 = J1 ◦ (π2,1)∗ + h · grad(ν)⊗ θ′2,
ψ+ = π∗2,1(hdν ∧ τ0),
ψ− = π∗2,1(hdν ∧ τ2).
Remark 4.3.12. As in the S1 case, we can recover the G2-structure on Y .
In the pointwise coordinate of Lemma 4.3.5, θ̃′1 = e1, θ̃
′















2 ∧ π∗2(hdν) ∧ π∗2τ 1 − θ̃′1 ∧ π∗2(hdν) ∧ π∗2τ 2 − θ̃′1 ∧ θ̃′2 ∧ π∗2τ 0.
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Proof of Lemma 4.3.11. Choose an arbitrary point y ∈ Y and a pointwise
coordinate as in Lemma 4.3.5. Then g = π∗2,1g + θ
′




i , τ1 =
π∗2,1τ1+hθ
′
2∧π∗2,1dν = e23+e45+e67, ψ+ = π∗2,1(hdν∧σ0) = e3(e56+e47), ψ− =











Comparing with Lemma 4.3.5, we obtain the equations as desired.
Next, we give a proof of Theorem 1.0.9.
Proof of Theorem 1.0.9. We fix one of the orientations of submanifolds. The
same proof is valid for another orientation.
Proof of 1 : Take any p ∈ L3T 2 and choose an oriented orthonormal basis
{(X∗′1 )p, (X∗
′
2 )p, ṽ} of TpL3T 2 . Then v = π2∗(ṽ) is a basis of Tπ2(p)(π2(L3T 2)).




2 )p, ṽ) = 1. By Remark
4.3.12, this condition is equivalent to hdν(v) = 1, which implies that π2(L
3
T 2)
is contained in the integral curve of grad(ν).
The claim 2 follows from Theorem 4.3.7.
Proof of 3: By Theorem 1.0.5, L3
S11 ,p




) is a J1-holomorphic curve. By Lemma 4.3.11, we see that this is
equivalent to saying that π2(L
3
S11 ,p















) is a CR J1-holomorphic curve. Conversely, if π2(L
3
S11 ,p
) is a CR







On the other hand, since π2(L
3
S11 ,p






This is equivalent to g((π1)∗(TL
3
S11 ,p




), J1(grad(ν))) = 0.
Using a pointwise coordinate of Lemma 4.3.5, we see g(·, J1(grad(ν))) =
−1
h






















) and so π1(L
3
S11 ,p
) is a J1-holomorphic curve.
Proof of 4 : Suppose that L4
S11 ,p
⊂ Y is coassociative and π2(L4S11 ,p) ∩
ν−1(α) ̸= ∅. By Theorem 1.0.5, L4
S11 ,p











Fix an arbitrary point q ∈ π2(L4S11 ,p) ∩ ν
−1(α) and choose an oriented
orthonormal basis {v1, v2} ⊂ Tq(π2(L4S11 ,p) ∩ ν




)) with dν(v′3) ̸= 0. Via the Gram-Schmidt process, we have
an orthonormal basis {v1, v2, v3} ⊂ Tq(π2(L4S11 ,p)). Then we have
±hdν(v3) · τ2(v1, v2) = 1.
Since |hdν(v3)| ≤ 1 and |τ2(v1, v2)| ≤ 1 hold, we obtain |hdν(v3)| = 1 and
|τ2(v1, v2)| = 1, respectively. The first equation implies that v3 = h · grad(ν),
and grad(ν)|L4
S11 ,p
is tangent to L4
S11 ,p
. In the same way as the proof of 1 in
Theorem 1.0.5, the second equation implies that π2(L
4
S11 ,p
) ∩ ν−1(α) is a CR
J2-holomorphic curve.
Conversely, fixing q ∈ π1(L4S11 ,p), take {v1, v2 = J2v1, v3 = h · grad(ν)} as
an orthonormal basis of Tπ2,1(q)(π2(L
4
S11 ,p
)), where v1, v2 ∈ Tπ2,1(q)(π2(L4S11 ,p) ∩
ν−1(ν(π2,1(q))). Define {v1, v2, v3} ⊂ Tq(Y/S1) as horizontal lifts of {v1, v2, v3}
by θ′2. Then {v1, v2, v3} is an orthonormal basis of Tq(π1(L4S11 ,p)) satisfying
the equation ψ−(v1, v2, v3) = ±1. From Theorem 1.0.5, we see that L4S11 ,p is
coassociative.
Proof of 5 : Suppose that L3p,p is associative and π2(L
3
p,p) ∩ ν−1(α) ̸= ∅.
Since θ̃i|L3p,p = 0 (i = 1, 2), we see from Remark 4.3.12, −π
∗
2(hdν ∧ τ 0)|L3p,p =
volL3p,p .
Fix an arbitrary point y ∈ L3p,p and choose an oriented orthonormal basis
{ṽ1, ṽ2} ⊂ Ty(L3p,p ∩ ν̃−1(α)). There exists ṽ′3 ∈ Ty(L3p,p) with dν̃(ṽ′3) ̸= 0.
Via the Gram-Schmidt process, we have an orthonormal basis {ṽ1, ṽ2, ṽ3} ⊂
Ty(L
3
p,p). If we define vi = π2∗(vi), we have −hdν(v3) · τ0(v1, v2) = 1.
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p,p) ∩ ν−1(α) is a CR J0-holomorphic curve. The converse follows
similarly to the proof of 4.
Proof of 6 : Suppose that L4p,p is associative. Since θ̃i|L4p,p = 0 (i = 1, 2),
we see from Remark 4.3.12, 1
2
τ 0|π2(L4p,p) = volπ2(L4p,p). We can prove 6 as in
the proof of 4 in Theorem 1.0.5.
4.4 Examples
Basic examples of calibrated submanifolds are given in Example 4.1.2, 4.1.3.
We show more examples on (sine) cones and T 2 bundles by using our method.
4.4.1 Examples of nearly Kähler manifolds
Example 4.4.1. [39] Let (N, g, J) be a real 6-dimensional Kähler manifold
and (B, h) an even dimensional Riemannian manifold. Suppose that there
exists a Riemannian submersion with totally geodesic fibers
ϖ : (N, g) → (B, h).
Let TN = V ⊕H be the corresponding splitting of TN , where V is a vertical
subbundle and H is a horizontal subbundle such that J preserves V and H.
If we define a Riemannian metric ĝ and an almost complex structure Ĵ
as
ĝ|V = 12g|V , ĝ|H = g|H, Ĵ |V = −J |V , Ĵ |H = J |H,
then (N, ĝ, Ĵ) is a nearly Kähler manifold.
Each fiber of ϖ : (N, g) → (B, h) is Ĵ-holomorphic. Hence if dimRB = 4,
N × R>0 (or N × (0, π)) ∋ (x, r) 7→ ϖ(x) ∈ B is an associative fibration.
(i.e. each fiber is an associative 3-fold.) If dimRB = 2, N × R>0 ∋ (x, r) 7→
(ϖ(x), r) ∈ B × R>0 is a coassociative fibration.
Next, we give examples of homogeneous nearly Kähler manifolds which
are classified by Butruille [13].
Lemma 4.4.2. [13] Homogeneous nearly Kähler manifolds are diffeomorphic
to a finite quotient of the following:
SU(3)/T 2, CP 3, S3 × S3, S6.
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The spaces SU(3)/T 2,CP 3 are the twistor spaces of CP 2 and S4, respec-
tively. They satisfy the condition of Example 4.4.1 so those (sine) cones
admit associative fibrations. Moreover, in Theorem 1.3.1 of [46], by using a
real structure on CP 3 it is shown that RP 3 ⊂ CP 3 is a special Lagrangian
submanifold with phase 1. Hence RP 3 × {r} ⊂ CP 3 × R>0 is an associative
3-fold for any r ∈ R>0.
The cone of S6 is R7−{0} so this case is well-studied. Pseudoholomorphic
curves in S6 and CP 3 are investigated in [9] and [47], respectively.
In the case of S3 × S3, define maps pr1 : S3 ∋ (z1, z2) 7→ [z1 : z2] ∈ CP 1,
pr2 : S
3 ∋ (z1, z2) 7→ [z1 −
√
−1z2 : z1 −
√
−1z2] ∈ CP 1 and pr3 : S3 ∋
(z1, z2) 7→ [z1 + z2 : z1 − z2] ∈ CP 1, where we consider S3 ⊂ C2. The map
pr1 is a slight modification of the Hopf fibration.
Proposition 4.4.3. For each i = 1, 2, 3, the map ϖi = pri × pri : S3 ×
S3 → CP 1×CP 1 is a pseudoholomorphic fibration, and so induce associative
fibrations S3 × S3 × R>0 → S2 × S2 and S3 × S3 × (0, π) → S2 × S2.






R} ⊂ S3, {(z1 cos θ+z2 sin θ,−z1 sin θ+z2 cos θ)|θ ∈ R} ⊂ S3 and {(z1 cos θ+√
−1z2 sin θ,
√
−1z1 sin θ + z2 cos θ)|θ ∈ R} ⊂ S3 for some (z1, z2) ∈ S3.
By using the notation in [13], each fiber of ϖi is an integral submani-



























and the almost complex structure J on S3 × S3 preserves spanR{X∗i , Y ∗i }.
Here X∗ means the vector field on S3 × S3 generated by X ∈ su(2)⊕ su(2).
Hence each fiber of ϖi is pseudoholomorphic.
Remark 4.4.4. Define the inclusion ι : S6×(0, π) ∋ (σ, t) 7→ (cos t, σ sin t) ∈
S7, where we consider S6 ⊂ R7 and S7 ⊂ R×R7. It is known that S7 admits
a nearly parallel G2-structure induced from a Spin(7)-structure on R8. The
inclusion ι preserves the G2-structure from their construction. Hence, if
Lk ⊂ S6 is an oriented k-dimensional submanifold (k = 2, 3) and t ∈ (0, π),
then
• ι(L2 × (0, π)) ⊂ S7 is an associative 3-fold iff L2 is a J-holomorphic
curve,
• ι(L3 × {t}) ⊂ S7 is an associative 3-fold iff L3 is a special Lagrangian
submanifold with phase e−
√
−1t.
These results are known by Lotay [34].
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4.4.2 Cone of the Iwasawa manifold
For x, y, z ∈ C, denote
A(x, y, z) =
 1 x z0 1 y
0 0 1
 .
Define G = {A(x, y, z)|x, y, z ∈ C} ,Γ =
{





N6 = Γ\G be the space of right cosets, which is called the Iwasawa manifold.
It is a principal T 2-bundle over T 4 (the generic element is mapped to (x, y)+
Z2). The Iwasawa manifold is a compact complex manifold which is not
Kähler. (It is known that h1,0(N,C) = 3, h0,1(N,C) = 2, b1(N) = 4).
First, we show that Y = N×R>0 admits a torsion-free G2-structure (φ̃, g̃)
with Hol(g̃) = G2. Define 1-forms ẽi ∈ Ω1(N) (i = 1, 2, 4, 5, 6, 7) by
dx = ẽ4 −
√
−1ẽ7
dy = ẽ6 +
√
−1ẽ5
−dz + xdy = ẽ1 −
√
−1ẽ2.
Left hand sides are Γ-invariant forms on G so they induce 1-forms on N =
Γ \G. Hence N is a nilmanifold with a global basis of 1-forms such that
dẽi =

ẽ46 − ẽ57 (i = 1)
−ẽ45 − ẽ67 (i = 2)
0 (i = 4, 5, 6, 7).
We also define vector fields {Ẽi} ∈ X(N) dual to {ẽi}. If we write x =
x1 +
√
−1x2, y = y1 +
√
−1y2, z = z1 +
√


































Extending ẽi and Ẽi on Y , define 1-forms ẽ
′




















2ds, sẽ4, sẽ5, sẽ6, sẽ7),
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where R>0 is parametrized by s. We write Ẽ3 = ∂∂s . Define a metric g̃ on Y ,
















46 − ẽ′57)− ẽ′3(ẽ′47 + ẽ′56),
∗φ̃ = ẽ′4567 + ẽ′23(ẽ′67 + ẽ′45) + ẽ′13(ẽ′57 − ẽ′46)− ẽ′12(ẽ′56 + ẽ′47).
Then (Y, φ̃, g̃) is a torsion-free G2-manifold with Hol(g̃) = G2. For more
details, see [42] 3.
· T 2-action on Y Identifying T 2 =
{




, T 2 acts
on Y freely by the right multiplication. Vector fields {X∗1 , X∗2} ⊂ X(Y )
generated by the T 2-action are given by X∗1 =
∂
∂z1
= −Ẽ1, X∗2 = ∂∂z2 = Ẽ2.
Since φ̃(X∗1 , X
∗
2 , ·) = −ds, there exists a multi-moment map ν̃ = −s :
Y → R<0 for the T 2-action.
· Geometry of Y/T 2 Since N is a T 2-bundle over T 4 and since T 2 acts
fiberwise, we have Y/T 2 = T 4 × R>0, where we denote the projection by
π2 : Y → T 4 × R>0. Define vector fields by Ei = (π2)∗(Ẽi) ∈ X(Y/T 2) (i =









) = (E4,−E7, E6, E5).




























(J0, J1, J2) is a standard hyperkähler structure on T
4 induced by the left
multiplication of (i,−k, j) on the quaternion H.
· Calibrated submanifolds in Y
· T 2-invariant case Since (J0, J1, J2) is a standard hyperkähler structure
on T 4, there are many holomorphic curves. If C ⊂ T 4 is a J0-holomorphic
curve and s ∈ R>0, then π−12 (C × {s}) is a T 2-invariant coassociative 4-fold,
3Note that notation in [42] differs from ours. The basis (e1, e2, e3, e4, e5, e6, e7) in [42]
corresponds to (ẽ4, ẽ5, ẽ6,−ẽ7, ẽ1, ẽ2, ẽ3) in our notation.
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which is compact if C is compact. T 4 is fibrated by J0-holomorphic curves
so Y is fibrated by T 2-invariant coassociative 4-folds.
For the associative case, the integral curve of grad(ν̃) in Y is R>0 ⊂ Y .
If x ∈ T 4 and O ⊂ R>0 is an open interval, π−12 ({x} × O) is a T 2-invariant
associative 3-folds.
· S11 -invariant and perpendicular to S12 -orbits case Decomposing T 2 =
S11×S12 , let X∗i be the vector field generated by the S1i -action. A submanifold
L ⊂ Y is perpendicular to S12 -orbits if and only if ẽ2|L = 0. Then we have
ker(ẽ2) = spanR{Ẽ1, Ẽ3, Ẽ4, Ẽ5, Ẽ6, Ẽ7}.
An S11 -invariant submanifold contains Ẽ1 in its tangent space. If L1 and L2
are integral submanifolds of the involutive distributions spanR{Ẽ1, Ẽ3, Ẽ4, Ẽ6}
and spanR{Ẽ1, Ẽ3, Ẽ5, Ẽ7}, respectively, each Li is a coassociative 4-fold per-
pendicular to the S12 -orbits. If Li is maximal, Li is an S
1
1 -invariant coasso-
ciative 4-fold perpendicular to the S12 -orbits. We see that Y is foliated by















−1(x01y2 + z02)))]|x2, y2, z2 ∈ R>0}
× R>0,




i ∈ R. These are S1-bundle over T 2. Moreover, we have
(π2)∗{Ẽ4, Ẽ6} = {E4, J2E4}, (π2)∗{Ẽ5, Ẽ7} = {E5,−J2E5},





|π2(L) = − 1s4 Ẽ3|π2(L) ∈ T (π2(L)), which corresponds to 4 of Theorem
1.0.9.
· perpendicular to T 2-orbits case A submanifold L ⊂ Y is perpendicular
to T 2-orbits if and only if ẽ1|L = ẽ2|L = 0. Then we obtain
ker(ẽ1) ∩ ker(ẽ2) = spanR{Ẽ3, Ẽ4, Ẽ5, Ẽ6, Ẽ7}.
If L is an integral submanifold of the involutive distribution spanR{Ẽ3, Ẽ4, Ẽ7},
L is an associative 3-fold perpendicular to the T 2-orbits. L is described as
L = {[(A(x, y0, z0))]|x ∈ C} × R>0, where y0, z0 ∈ C. We see that Y is
foliated by these associative 3-folds. Moreover, we have (π2)∗{Ẽ4, Ẽ7} =
{E4,−J0E4}, and so π2(L) ∩ {ν = const.} ⊂ T 4 is a J0-holomorphic curve
with grad(ν)|π2(L) = − 1s4
∂
∂s
|π2(L) = − 1s4 Ẽ3|π2(L) ∈ T (π2(L)), which corre-
sponds to 5 of Theorem 1.0.9.
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4.4.3 Further examples
In [35], it it shown that for a hyperkähler 2-fold M whose Kähler forms have
integral periods, there exists a T 2-bundle X0 over M and an open interval
I ⊂ R such that X0 × I admits a torsion-free G2-structure.
Especially if M is a toric hyperkähler 2-fold, it is shown in [15] that M
is fibrated by complex Lagrangian submanifolds (pseudoholomorphic curves
in dimension 4) whose generic fibers are diffeomorphic to T 1 × R. Using





submanifolds in nearly parallel
G2-manifolds
5.1 Associative deformations in nearly paral-
lel G2-manifolds
Let (Y, ϕ, g) be a nearly parallel G2-manifold, ι :M
3 ↪→ Y be an associative
immersion, and {ιt :M ↪→ Y }t∈(−ϵ,ϵ) be a smooth family of immersions with
ι0 = ι.
Definition 5.1.1. A family {ιt} is called an associative deformation of ι
if ιt is an associative immersion for each t. An associative deformation {ιt}
is called trivial if {ιt} is induced by the one-parameter family of automor-
phisms of (Y, ϕ, g). If all innitesimal associative deformations of M come
from trivial deformations, Y is called rigid.
First, we characterize the infinitesimal associative deformation space of
M .
Proposition 5.1.2. Let (Y, ϕ, g) be a nearly parallel G2-manifold, andM
3 ⊂
Y be a closed compact associative submanifold. Denote by ν the normal bun-
dle ofM and by ∇⊥ the connection on ν induced by the Levi-Civita connection
∇ of (Y, g).
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Taking any local orthonormal frame {e1, e2, e3} of TM , define the operator





Then the vector space of all infinitesimal associative deformations of M3 ↪→
Y is identified with
{ψ ∈ Γ(M, ν);Dψ = −ψ}.
Remark 5.1.3. [37] There exists a real rank 4 vector bundle E → M sat-
isfying ν ∼= S ⊗H E, where S → M is a spinor bundle. Then D is a twisted
Dirac operator.
Remark 5.1.4. If we change the sign convention of a G2-structure to (2.2.1),
then the corresponding space becomes {ψ ∈ Γ(M, ν);Dψ = ψ}.
We give two proofs of this proposition. The first proof comes from the
following theory of associative deformations in a general G2-manifold.
Proposition 5.1.5. [19], [37] Let (Y, ϕ, g) be a G2-manifold and M
3 ⊂ Y
be a closed compact associative submanifold. Then the vector space of all
infinitesimal associative deformations of M3 ↪→ Y is identified with ker D̃,







(∇ψ ∗ ϕ)(ηk, ω)ηk.
Here {e1, e2, e3} is an oriented local orthonormal frame of TM , ω = e1∧e2∧
e3, {η1, η2, η3, η4} is a local orthonormal frame of ν.
Proof. We give an outline of the proof. Define the function F : Γ(M, ν) →
Γ(M,TY |M) as F (σ) = exp∗σ χ(ω) (for the definition of χ, see Lemma 2.2.8).
We know that expσ(M) is associative if and only if F (σ) vanishes. For any
ψ ∈ Γ(M, ν), take a path of normal sections {σt}−ϵ<t<ϵ satisfying ψ = dσtdt |t=0.
Then we have to consider
∂
∂t
F (σt)|t=0 = 0.
By a direct computation, the left hand side is equal to −
∑3
i=1 ei ×∇⊥eiψ +∑4
k=1(∇ψ ∗ ϕ)(ηk, ω)ηk, and hence the statement is proved.
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By Lemma 2.2.5, we see the following lemma, which implies Proposition
5.1.2.
Lemma 5.1.6. If (Y, ϕ, g) is nearly parallel, then
∑4
k=1(∇ψ ∗ ϕ)(ηk, ω)ηk =
−ψ.
The second proof is given in the appendix, where we use the fact that a
cone C(M) ofM is a Cayley submanifold in the Spin(7) cone manifold C(Y ).
Applying the deformation theory of Cayley submanifolds in [37], we consider
the Cayley cone deformation of C(M). This proof is inspired by [18].
Since D is a twisted Dirac operator, there is a close relation between D2
and the Laplacian. We can prove the following.
Choose the local orthonormal frame {e1, e2, e3} of TM and define the










R(ei, ·)ei),A = tA ◦ A,
where ∇⊤ is the orthogonal projection of the Levi-Civita connection ∇ of
(Y, g) to TM , R is the curvature tensor of g, πV is a orthogonal projection
to ν, A : ν ∋ ψ 7→ (u 7→ −∇⊤uψ) ∈ SM := {T : TM → TM ; tT = T} (the
second fundamental form), and tA is the transpose of A.
Proposition 5.1.7. Let (Y, ϕ, g) be a nearly parallel G2-manifold and M
3 ⊂
Y be a closed compact associative submanifold. Then we have
D2 − 2D − 3idν = ∇⊥∗∇⊥ +R−A.
The proof is given in the appendix. From this formula, supposing that
Dψ = −ψ, we obtain (∇⊥∗∇⊥ +R−A)ψ = 0, which is the equation of the
infinitesimal minimal deformations given in [44].
5.2 Computation in the standard sphere S7
In this section, according to Lotay’s classification (Proposition 1.0.14), we ex-
plicitly compute the dimensions of the infinitesimal associative deformations
of some homogeneous associative submanifolds in S7.
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5.2.1 The nearly parallel G2-structure on S
7
The G2-structure on S
7 is induced from the Spin(7)-structure on R8. Namely,
define 4-form Φ ∈ Ω4(R8) by
Φ =dx0123 + dx0145 + dx0167 + dx0246 − dx0257 − dx0347 − dx0356
+ dx4567 + dx2367 + dx2345 + dx1357 − dx1346 − dx1256 − dx1247,
where (x0, · · · , x7) is the standard coordinate on R8 and wedge signs are
omitted. Identify R8 −{0} ∼= R>0 × S7 and define the 3-form ϕ ∈ Ω3(S7) by
Φ(r,p) = r
3dr ∧ ϕp + r4 ∗ ϕp,
where ∗ is the Hodge dual with respect to the standard metric g on S7
induced from that on R8. Then (S7, ϕ, g) is a nearly parallel G2-manifold.
Remark 5.2.1. If we identify R8 ∼= C4 via R8 ∋ (x0, · · · , x7) 7→ (x0 +




ω ∧ ω +ReΩ,
where ω and Ω are the standard Kähler form and the holomorphic volume
form on C4, respectively.
5.2.2 The totally geodesic S3
We study the infinitesimal associative deformation of the totally geodesic
S3 ⊂ S7. We may assume that S3 = {(z1, z2, 0, 0) ∈ C4; |z1|2 + |z2|2 = 1}.



















where a, b ∈ C and |a|2 + |b|2 = 1. Then S3 is the SU(2)-orbit through


















which satisfies the relation [Ei, Ei+1] = 2Ei+2(i ∈ Z/3) and induces the
left invariant vector fields e1, e2, e3 ∈ X(SU(2)) ∼= X(S3). If we set ηk =
∂/∂xk+3|S3(1 ≤ k ≤ 4), then {e1, · · · , e3} is the orthonormal frame of TS3
and {η1, · · · , η4} is the orthonormal frame of ν.
Lemma 5.2.2.
∇⊤eiei = 0 (i = 1, 2, 3), (ei × ηj) =
 −η3 η4 η1 −η2−η4 −η3 η2 η1
η2 −η1 η4 −η3
 .
Proof. Since the SU(2)-action preserves the G2-structure on S
7, we only
have to consider at p0. The equation of ∇⊤eiei follows from the definition
of the connection. Denoting by x the position vector, we have x = ∂
∂x0
, e1 =
t(0,−1, 0, 0) = − ∂
∂x2
, e2 =
t(0, i, 0, 0) = ∂
∂x3
, e3 =
t(i, 0, 0, 0) = ∂
∂x1
. Then
ϕ = i(x)Φ|S7 = dx123 + dx145 + dx167 + dx246 − dx257 − dx347 − dx356,
which implies that i(e1)ϕ = dx13 − dx46 + dx57, i(e2)ϕ = dx12 − dx47 +
dx56, i(e3)ϕ = dx23 + dx45 + dx67. These equations show the lemma.
Proposition 5.2.3. By the trivialization of ν via {η1, · · · , η4}, D : Γ(SU(2),R4) ∼=
Γ(S3, ν) → Γ(S3, ν) ∼= Γ(SU(2),R4) is described as follows:
D =

0 −e3 e1 e2
e3 0 e2 −e1
−e1 −e2 0 −e3
−e2 e1 e3 0
 .
Proof. Take ψ =
∑4
a=1 ψaηa ∈ Γ(S3, ν) for ψa ∈ C∞(S3). By the lemma





= (e1(ψ3) + e2(ψ4)− e3(ψ2))η1 + (−e1(ψ4) + e2(ψ3) + e3(ψ1))η2
− (e1(ψ1)− e2(ψ2)− e3(ψ4))η3 + (e1(ψ2)− e2(ψ1) + e3(ψ3))η4,
which gives the proof.
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From these descriptions, we investigate the dimension of the (−1) eigenspace
of D. By Proposition 5.1.7, D2 has a close relationship with the Laplacian,
which is studied well. From the knowledge of the Laplacian, we consider the




∆+ −2e3 2e1 2e2
2e3 ∆+ 2e2 −2e1
−2e1 −2e2 ∆+ −2e3
−2e2 2e1 2e3 ∆+
 ,








i is the Laplacian of functions
on SU(2). If we suppose that Dψ = −ψ, we have D2ψ = ψ. Comparing both
equations, we obtain ∆+ψi = 3ψi(i = 1, · · · , 4).
Thus we need to study the eigenfunctions of the Laplacian. We use Peter-
Weyl’s theorem on SU(2), which is a generalization of a Fourier series expan-
sion on a torus to general compact Lie groups. The following description is
based on [40].
Proposition 5.2.5 (Peter-Weyl’s theorem on SU(2)). For n ≥ 0, define the
representation (Vn, ρn) of SU(2) as follows: Let Vn be a C-vector space of all
complex homogeneous polynomials with two variables z1, z2 of degree n and



























is a unitary basis of Vn. Then the set{√





is an orthonormal basis of C-valued square-integrable functions L2(SU(2),C)
as a Hilbert space. Moreover, every C-valued continuous function on SU(2) is
uniformly approximated by the C-linear combination of ⟨ρn(·)v(n)k , v
(n)
l ⟩ (n ≥
0, 0 ≤ k, l ≤ n).
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By definition, the following holds.
Remark 5.2.6. For any n ≥ 0, 0 ≤ k, l ≤ n, we have
⟨ρn(·)v(n)k , v
(n)




From these, we deduce the following.
Lemma 5.2.7. We have dimR{f ∈ C∞(SU(2),R) ; ∆+f = 3f} = 4. The






or Im(b) ∈ R.
Proposition 5.2.8. dimR{ψ ∈ C∞(SU(2),R4);Dψ = −ψ} = 12.
Before we prove these, note that the following; the automorphism group of
S7 is Spin(7) and induces the associative deformation of the totally geodesic
S3, whose space is known to be Spin(7)/K, where K ∼= SU(2)3/Z2 is a Lie
subgroup of Spin(7) ([21], Th.IV.1.38). Since dimR(Spin(7)/K) = 12, we
obtain the following:
Theorem 5.2.9. [29] The totally geodesic S3 ⊂ S7 is rigid, and its deforma-
tion space is Spin(7)/K, where K ∼= SU(2)3/Z2 is a Lie subgroup of Spin(7).
Remark 5.2.10. In [41], it is shown that the totally geodesic S3 ⊂ S7 is
rigid also as a special Legendrian submanifold.
Now, we prove Lemma 5.2.7 and Proposition 5.2.8. First, we show:
Lemma 5.2.11. For any n ≥ 0, u, v ∈ Vn, X ∈ su(2), we have














Proof. The first equation follows from (ei)g =
d
dt
g · exp(tEi)|t=0. A direct
computation shows the second.
From this lemma, we obtain the following:
Lemma 5.2.12. For any n ≥ 0, 0 ≤ k ≤ n, u ∈ Vn, we have
∆+⟨ρn(·)v(n)k , u⟩ = {(n− 2k)
2 + 2((k + 1)(n− k) + k(n− k + 1))}⟨ρn(·)v(n)k , u⟩
= (n2 + 2n)⟨ρn(·)v(n)k , u⟩.
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Proof of Lemma 5.2.7. By Lemma 5.2.12, we see that ∆+⟨ρn(·)v(n)k , u⟩ =





















0 ⟩ = b.
Considering the real and imaginary parts, we prove the lemma.
Proof of Proposition 5.2.8. Suppose that Dψ = −ψ. Substituting the fourth
row ψ4 = e2(ψ1)− e1(ψ2)− e3(ψ3) into the other rows, we have
e22(ψ1)− (e3 + e2e1)(ψ2) + (e1 − e2e3)(ψ3) = −ψ1,
(e3 − e1e2)(ψ1) + e21(ψ2) + (e2 + e1e3)(ψ3) = −ψ2,
−(e1 + e3e2)(ψ1) + (−e2 + e3e1)(ψ2) + e23(ψ3) = −ψ3.
Since we know that ∆+ψi = 3ψi(i = 1, 2, 3), the following lemma implies the
statement.
Lemma 5.2.13. For any f ∈ C∞(SU(2),R) satisfying ∆+f = 3f , it follows
that
(−e1 + e2e3)f = (e1 + e3e2)f = 0, (−e2 + e3e1)f = (e2 + e1e3)f = 0,
(−e3 + e1e2)f = (e3 + e2e1)f = 0, e2j(f) = −f (j = 1, 2, 3).





























e1(a) = b, e2(a) = −ib, e3(a) = ia, e1(b) = −a, e2(b) = ia, e3(b) = ib,
which imply the lemma.
We compute the dimension of the (−1) eigenspace of D by using Peter-
Weyl’s theorem here. We can also prove Proposition 5.2.8 by using the usual
Dirac operator on S3. In fact, we can prove the following.
Proposition 5.2.14. Since the normal bundle ν and the spinor bundle S on
S3 are trivial, we may consider that the operator D : Γ(S3, ν) → Γ(S3, ν)
and the usual Dirac operator D : Γ(S3, S) → Γ(S3,S) are the operators on




Lemma 5.2.15. [7] The Dirac operator D on S3 has eigenvalues ±(3/2+k)
for k ≥ 0, and the real dimension of the corresponding eigenspace is 2(k +
1)(k + 2).
By these statements, the (−1) eigenspace of D is equal to the (−5/2)
eigenspace of D, and hence we obtain Proposition 5.2.8.
5.2.3 The case A1 ∼= T 3










which is diffeomorphic to the 3-torus T 3, and its cone is a special Lagrangian
cone given in [21]. First, we describe the operator D explicitly. Define the
T 3 ∼= (R/2πZ)3 action on C4 by
(θ1, θ2, θ3) · t(z1, z2, z3, z4) = t(eiθ1z1, eiθ2z2, eiθ3z3, e−i(θ1+θ2+θ3)z4).
Then A1 is the T
3-orbit through p0 :=
1
2
t(1, 1, 1, i).














η1 = J(e1) =
1√
2
t(−1, 0, 0, i),












where J is the standard complex structure on C4. Then e1, · · · , e3 is the
orthonormal basis of Tp0A1 and η1, · · · , η4 is that of the normal vector space
νp0 . These vectors induce the tangent vector fields and normal vector fields
on A1 by the T
3-action. We also denote them by e1, · · · , e3, η1, · · · , η4, which
give the trivializations of TA1 and ν.
Lemma 5.2.16. We have
(∇C4ei ej) =
 −η3 − x 0 −η10 −η3 − x η2
−η1 η2 −x
 , (∇⊥eiηj) =
 −η4 0 0 η10 −η4 0 η2
0 0 −η4 η3
 ,
(ei × ηj) =
 η4 η3 −η2 −η1−η3 η4 η1 −η2
η2 −η1 η4 −η3
 ,
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where ∇C4 is the standard connection on C4, ∇⊥ is the connection on ν
induced by ∇C4, and x is the position vector.
Proof. Since the T 3-action preserves the G2-structure on S
7, we only have
to consider at p0. The equations of ∇C
4
ei
ej follow from the definition of
∇C4 , which imply those of ∇⊥eiηj since ηj = J(ej). For ei × ηj, denote
by {e1, · · · , e3, η1, · · · , η4, dr} the dual coframe of {e1, · · · , e3, η1, · · · , η4, x}.





ej ∧ ηj + dr ∧ η4, Ω = (e1 + iη1) ∧ · · · ∧ (e3 + iη3) ∧ (dr + iη4).
Hence the G2-structure ϕ on S
7 is written as







− e123 + e1 ∧ η23 + e2 ∧ η31 + e3 ∧ η12,
which implies the equations of cross products.
Proposition 5.2.17. By the trivialization of ν via {η1, · · · , η4}, D : Γ(T 3,R4) ∼=
Γ(A1, ν) → Γ(A1, ν) ∼= Γ(T 3,R4) is described as follows:
D =

0 −e3 e2 −e1
e3 0 −e1 −e2
−e2 e1 0 −e3








By the identification T 3 = (R/2πZ)3 ∋ (θ1, θ2, θ3) 7→ 12
t(eiθ1 , eiθ2 , eiθ3 , ie−i(θ1+θ2+θ3)) ∈
A1, vector fields e1, e2, e3 ∈ X(A1) on A1 correspond to the left invariant vec-
tor fields on T 3 generated by (
√




2) and (−1, 1, 1) ∈ t3 ∼=
R3, respectively.
Proof. Take ψ =
∑4





(ei(ψa)ei × ηa + ψaei ×∇⊥eiηa)
= (−e1(ψ4) + e2(ψ3)− e3(ψ2) + ψ1)η1 + (−e1(ψ3)− e2(ψ4) + e3(ψ1) + ψ2)η2
+ (e1(ψ2)− e2(ψ1)− e3(ψ4) + ψ3)η3 + (e1(ψ1) + e2(ψ2) + e3(ψ3) + 3ψ4)η4.
This shows the first statement. The second is clear.
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From these descriptions, we investigate the dimension of the (−1) eigenspace
of D. By a direct computation, we obtain the following.
Lemma 5.2.18. Set D′ = D − diag(1, 1, 1, 3). Then from [ei, ej] = 0, it




i is the Laplacian on T
3
and I4 is the identity matrix.















In particular, we have ∆+ψ4 = 8ψ4.
By a Fourier series expansion on T 3, we obtain the following.
Lemma 5.2.19. We have dimR{f ∈ C∞(T 3,R) ; ∆+f = 4f} = 6. The
basis is given by the functions T 3 = (R/2πZ)3 ∋ (θ1, θ2, θ3) 7→ cos(θj + θk) or
sin(θj + θk) ∈ R for 1 ≤ j < k ≤ 3.
We have dimR{f ∈ C∞(T 3,R) ; ∆+f = 8f} = 12. The basis is given by
the functions T 3 = (R/2πZ)3 ∋ (θ1, θ2, θ3) 7→ cos(2θi + θi+1 + θi+2), sin(2θi +
θi+1 + θi+2), cos(θj − θk) or sin(θj − θk) ∈ R for i ∈ Z/3 and 1 ≤ j < k ≤ 3.
We prove this lemma and the following propositions later.
Proposition 5.2.20. Set X := {ψ ∈ C∞(T 3,R4);Dψ = −ψ, ψ4 = 0}. Then
dimRX = 6.
Proposition 5.2.21. For any f ∈ C∞(T 3,R) satisfying ∆+f = 8f , there
exists ψ = t(ψ1, ψ2, ψ3, ψ4) ∈ C∞(T 3,R4) satisfying ψ4 = f and Dψ = −ψ.
Here ψ is unique up to X.
From Proposition 5.2.20, 5.2.21, and Lemma 5.2.19, we have dimR{ψ ∈
C∞(T 3,R4);Dψ = −ψ} = 18. On the other hand, the automorphism group
of S7 is Spin(7) and induces the associative deformation of A1 ∼= T 3, whose
dimension is dimR(Spin(7)/T
3) = 18. Thus we obtain the following:
Theorem 5.2.22. [29] The associative submanifold A1 has only trivial de-
formations and its deformation space is Spin(7)/T 3.
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Proof of Lemma 5.2.19. Define a smooth function fγ ∈ C∞(T 3,C) (γ =
(γ1, γ2, γ3) ∈ Z3) by fγ(θ1, θ2, θ3) = exp(i
∑3
j=1 γjθj). By the Fourier series
expansion, every C-valued continuous function on T 3 is uniformly approxi-





2(γ2 − γ3)ifγ, e3(fγ) = (−γ1 + γ2 + γ3)ifγ,
we have ∆+(fγ) = {2γ21 + 2(γ2 − γ3)2 + (−γ1 + γ2 + γ3)2}fγ. Hence we see
that
∆+fγ = 4fγ ⇔ (γ1, γ2, γ3) =± (1, 1, 0),±(1, 0,−1),±(0, 1, 1),
∆+fγ = 8fγ ⇔ (γ1, γ2, γ3) =± (2, 1, 1),±(0, 1,−1),
± (1, 2, 1),±(1, 1, 2),±(1,−1, 0),±(1, 0,−1).
Considering the real and imaginary parts, we prove the lemma.
Proof of Proposition 5.2.20. The equation (5.2.1) and ψ4 = 0 imply that
∆+ψi = 4ψi (1 ≤ i ≤ 3). Since dimR{f ∈ C∞(T 3,R) ; ∆+f = 4f} =
6 by Lemma 5.2.19, we only have to show that for any ψ1 ∈ C∞(T 3,R)
satisfying ∆+ψ1 = 4ψ1, there exists a unique functions ψ2, ψ3 such that
Dt(ψ1, ψ2, ψ3, 0) = −t(ψ1, ψ2, ψ3, 0).
We may assume that ψ1(θ1, θ2, θ3) = cos(θj + θk) or sin(θj + θk) for 1 ≤
j < k ≤ 3. By definition, we observe that
ψ1 = cos(θ1 + θ2) or sin(θ1 + θ2) ⇒ e1(ψ1) = e2(ψ1), e3(ψ1) = 0,
ψ1 = cos(θ1 + θ3) or sin(θ1 + θ3) ⇒ e1(ψ1) = −e2(ψ1), e3(ψ1) = 0,
ψ1 = cos(θ2 + θ3) or sin(θ2 + θ3) ⇒ e1(ψ1) = e2(ψ1) = 0.















Substituting the second row ψ2 =
1
2
e1(ψ3) into the other rows, we have
(−1
2
e1e3 + e2)ψ3 = −2ψ1, −e2(ψ) + 12e
2
1(ψ3) = −2ψ3, e1(ψ1) + 12e1e2 + e3ψ3 = 0.
From the first and second equations, it follows that
(−e2e1e3 + 2e22 + 2e21)ψ3 = −8ψ3. (5.2.2)
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If we set ψ3 = Re(C1e
i(θ1+θ2) +C2e
i(θ1+θ3) +C3e
i(θ2+θ3)) with Cj ∈ C, the left
hand side of (5.2.2) is (−8) ·Re(C1ei(θ1+θ2) + C2ei(θ1+θ2)), which implies that
ψ3 is of the form ψ3 = Re(C1e
i(θ1+θ2) + C2e
i(θ1+θ2)).
Then we have e3(ψ3) = 0 and e2(ψ3) = −2ψ1. From the equation e22(ψ3) =
−2ψ3, we obtain ψ3 = e2(ψ1) and ψ2 = 12e1(ψ3) = −ψ1. Hence we prove that
ψ = t(ψ1,−ψ1, e2(ψ1), 0) satisfies Dψ = −ψ. We can prove the other cases in
the same way, and hence we omit the proof.
Proof of Proposition 5.2.21. The uniqueness is clear. We prove the existence
of ψ. Since ∆+f = 8f , we may assume that f(θ1, θ2, θ3) = cos(2θi + θi+1 +
θi+2), sin(2θi+θi+1+θi+2), cos(θj−θk) or sin(θj−θk) for i ∈ Z/3 and 1 ≤ j <
k ≤ 3. We only prove the case f = ψ4 = cos(θ1+2θ2+θ3) or sin(θ1+2θ2+θ3).
The others are shown in the same way.
In this case, we have e2(ψ4) = e1(ψ4), e3(ψ4) =
√
2e1(ψ4). Thus from





If we assume that ψ2 = ψ1, ψ3 =
√
2ψ1, Dψ = −ψ is equivalent to
(
√
2e2 − e3)ψ1 − e1(ψ4)
(−
√
2e2 + e3)ψ1 − e1(ψ4)
(e1 − e2)ψ1 −
√
2e1(ψ4)












Eliminating ψ1, we obtain
(e1 + e2 −
√
2e3)ψ1 = 0, (−e1 + 3e2 −
√
2e3)ψ1 = 0, (e1 + e2 +
√
2e3)ψ1 = −4ψ4,
which imply that e1(ψ1) = e2(ψ1) = −ψ4, e3(ψ1) = −
√
2ψ4. Substitut-
ing these into (5.2.3), we see ψ1 =
1
2





2e1(ψ4), ψ4) is a solution of Dψ = −ψ.
5.2.4 The case A3 ∼= SU(2)




























Since SU(4) acts on C4 canonically, we define the SU(2) action on C4 as the
composition of the inclusion and the canonical SU(4) action on C4. By using
the notation in Proposition 5.2.5, this SU(2) action is the SU(2) action on
V3 ∼= C4 induced from the standard action on C2.
It is shown in [34] that the SU(2)-orbit through p0 =
1√
2
t(0, 1, i, 0) is the
associative submanifold, which does not arise from other known geometries.
Denoting this SU(2)-orbit by A3, we study the infinitesimal associative de-
formation of A3.
















, which satisfies the
relation [Ei, Ei+1] = 2Ei+2(i ∈ Z/3). The inclusion SU(2) ↪→ SU(4) induces



























3i 0 0 0
0 i 0 0
0 0 −i 0
0 0 0 −3i
 ,







E2, E3, respectively. Note that the definition of ei’s












































where J is the standard complex structure on C4 and e4 is the position vector,
then {e1, · · · , e3} is the orthonormal frame of TA3 and {η1, · · · , η4} is the
orthonormal frame of ν. At p0 =
1√
2







































































∇⊤eiei = 0 (i = 1, 2, 3), [e1, e2] =
2
7




 −η4 −η3 η2 η1η3 −η4 −η1 η2
7η2 −7η1 −5η4 5η3
 , (ei × ηj) =
 η4 η3 −η2 −η1−η3 η4 η1 −η2
η2 −η1 η4 −η3
 .
Proof. Since the SU(2)-action preserves the G2-structure on S
7, we only have
to consider at p0. The equations of ∇⊤eiei and [ei, ej] are shown easily. By a




 −η4 −η3 η2 η1η3 −η4 −η1 η2
7η2 −7η1 −5η4 5η3
+ 2√3
7
 −e1 −e2 2e3 0e2 −e1 0 −2e3
0 0 2e1 −2e2
 ,
and hence we obtain ∇⊥eiηj. To prove the equations of ei × ηj, let g be the
standard metric on C4, ω be the standard Kähler form on C4, and Ω be the
standard holomorphic volume form on C4. Define ei = g(ei, ·), ηj = g(ηj, ·).











































Since we know that g =
∑4
i=1((e
i)2 + (ηi)2), we obtain






ei ∧ ηi + 2√
7
(−e14 − e23 + η14 + η23).
The holomorphic volume form Ω is of the form C · (e1 + ig(e1, ·)) ∧ · · · (e4 +
ig(e4, ·)) = C · (e1 − ie1(J ·)) ∧ · · · (e4 − ie4(J ·)) for C > 0, and from the
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= −e123 + e1 ∧ (η14 + η23) + e2 ∧ (−η13 + η24) + e3 ∧ (η12 + η34),
which implies the lemma.
Proposition 5.2.24. By the trivialization of ν via {η1, · · · , η4}, D : Γ(SU(2),R4) ∼=










0 −e3 e2 −e1
e3 0 −e1 −e2
−e2 e1 0 −e3

























ie3 −ie1 + e2












Proof. Take ψ =
∑4





(ei(ψa)ei × ηa + ψaei ×∇⊥eiηa)




+ (−e2(ψ1) + e1(ψ2)− e3(ψ4) + 3ψ3)η3 + (e1(ψ1) + e2(ψ2) + e3(ψ3) + 3ψ4)η4,
which gives the proof.
From these descriptions, we investigate the dimension of the (−1) eigenspace




























e3 9 + ∆+
 ,
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i is the Laplacian of functions on SU(2). If we suppose
























We determine the functions ψ1, · · · , ψ4 by Lemma 5.2.25 and Peter-Weyl’s
theorem (Proposition 5.2.5).
Proposition 5.2.26. We use the notation in Proposition 5.2.5. Then Ψ1 =
ψ1 + iψ2,Ψ2 = ψ3 − iψ4 are described as
Ψ1 = ⟨ρ6(·)v(6)1 , u1⟩+ ⟨ρ6(·)v
(6)
5 , u2⟩+ ⟨ρ4(·)v
(4)
1 , u3⟩+ ⟨ρ4(·)v
(4)
3 , u4⟩,
Ψ2 = ⟨ρ6(·)v(6)2 , w1⟩+ ⟨ρ6(·)v
(6)
4 , w2⟩+ ⟨ρ4(·)v
(4)
0 , w3⟩+ ⟨ρ4(·)v
(4)
2 , w4⟩+ ⟨ρ4(·)v
(4)
4 , w5⟩,
for some u1, u2, w1, w2, w3 ∈ V6, u3, u4, w3, w4, w5 ∈ V4.
Proposition 5.2.27. dimR{ψ ∈ C∞(SU(2),R4);Dψ = −ψ} = 34.
Since the automorphism group of S7 is Spin(7) and 34 > 21 = dimR Spin(7),
we obtain the following result.
Theorem 5.2.28. [29] The associative submanifold A3 is not rigid.
Now, we prove Proposition 5.2.26 and 5.2.27. First, we show:
Lemma 5.2.29. For any n ≥ 0, 0 ≤ k ≤ n, u ∈ Vn, we have






⟨ρn(·)vnk+1, u⟩, (k < n)
0, (k = n)






⟨ρn(·)vnk−1, u⟩, (k < n)
0, (k = n)
ie3⟨ρn(·)vnk , u⟩ = (−n+ 2k)⟨ρn(·)vnk , u⟩,
∆+⟨ρn(·)vnk , u⟩ =
{
(n− 2k)2 + 2
7





Proof. By Lemma 5.2.11, we see ei⟨ρn(·)vnk , u⟩ = 1√7⟨ρn(·)dρn(Ei)v
n
k , u⟩ (i =
1, 2), e3⟨ρn(·)vnk , u⟩ = ⟨ρn(·)dρn(E3)vnk , u⟩. Note that the definition of ei’s is








































k = i(n− 2k)vnk ,
which imply the first four equations. The equation e3∆+ = ∆+e3 easily
follows from [e1, e2] =
2
7
e3, [e1, e3] = −2e2, [e2, e3] = 2e1.















ψβ = 0 (β = 3, 4). (5.2.6)








⟨ρn(·)vnk , u⟩ =




(n− 2k)2 + 1
24




⟨ρn(·)vnk , u⟩ = 0.















which is equivalent to (X ± 4)2 = −(n2 + 2n)/6 + 8. Since the left hand
side is the square of an integer, we have n = 4, 6. Thus we obtain (n, k) =
(6, 1), (6, 5), (4, 1), (4, 3).
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⟨ρn(·)vnk , u⟩ =














where X = n − 2k. This is equivalent to (X ± 2)2 = −(n2 + 2n)/6 + 8.
which implies that (n, k) = (6, 2), (6, 4), (4, 0), (4, 2), (4, 4). Hence the proof
of Proposition 5.2.26 is completed.
Proof of Proposition 5.2.27. Suppose that Dψ = −ψ. Then by Proposition
5.2.24, we obtain
ie3(Ψ1) + (−ie1 + e2)Ψ2 =
8
7
Ψ1, (ie1 + e2)Ψ1 + ie3Ψ2 = 4Ψ2.
By Proposition 5.2.26 and Lemma 5.2.29, it follows that
−36
7














+⟨ρ4(·)v(4)1 ,−227 u3 −
4i√
7









⟨ρ6(·)v(6)0 , u1⟩ − 6⟨ρ6(·)v
(6)













u4 − 4w4⟩ = 0.
Note that ⟨, ⟩ is C-antilinear in the second entry. Since
{√





is an orthonormal basis of L2(SU(2),C) as a Hilbert space, we obtain










































Thus we see that the solution of Dψ = −ψ is of the form



















Proofs of Propositions in
Chapter 3
A.1 Proof of Proposition 3.2.1
By a direct computation, we see the following.
















































 0 0 00 0 1
0 −1 0
 , (ω2(X∗i , X∗j )) = (y1)24











 0 1 0−1 0 0
0 0 0
 , (bi(X∗j )) =






2 , ċ)|c =
3∑
i=1













In the same way, we see that φ(X∗i , X
∗
i+1, ċ)|c = ai+2 ddt ((y
1)2 − r2) /2 +
ȧi+2(y1)2/4 for i ∈ Z/3 so we have proven the proposition.
A.2 Proof of Proposition 3.2.3
By a direct computation, we see the following.











































 0 0 −(y1)20 0 −(y3)2
(y1)2 (y3)2 0
 , (ω2(X∗i , X∗j )) =









 0 0 −y1y30 0 −y1y3
y1y3 y1y3 0
 , (bi(X∗j )) =
 0 0 a1a3 −a3 a2
−a2 a2 a3
 ,


















) + bi(X∗2 )ω
i( ∂
∂r











, ċ)|c = a1(y1ẏ1 − a2ȧ2 − a3ȧ3) + ȧ1(−(y1)2 + (a2)2 + (a3)2)
− y1y3ȧ3 − ẏ1y3a3 + 2y1ẏ3a3.
So we can prove (3.2.15) and (3.2.16). In the same way, we can prove (3.2.17).
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A.3 Proof of Proposition 3.3.6
Lemma A.3.1. Denote |y|2 = |z|2 = |z1|2 + |z2|2, then we have
(ω1, ω2, ω3) =
4
(1 + |y|2)2
(dy12 − dy34, dy13 − dy42, dy14 − dy23),




b2 + ib3 = dw +
2
1 + |z|2
{ia1(z2dz1 − z1dz2) + iwIm(−z1dz1 + z2dz2)}.













 0 −ω14 + ω23 ω13 + ω24ω14 − ω23 0 −ω12 + ω34
−ω13 − ω24 ω12 − ω34 0
 ,
which implies the lemma.
By a direct computation, we see the following.
















































































 0 a3 a2a3 0 −a1
−a2 −a1 0
 .





2 , ċ)|c = 2sλ
3∑
i=1


































8 log(1 + (y1)2)− log(λ+ r2)
}
+ 4ȧ3(y1)2 = 0.
In the same way, we know that for i ∈ Z/3, φλ(X∗i , X∗i+1, ċ)|c = 0 is equivalent
to ai+2 d
dt
{8 log(1 + (y1)2)− log(λ+ r2)} + 4ȧi+2(y1)2 = 0, and we see the
proposition.
A.4 Proof of Proposition 3.3.13
By Lemma A.3.1 and a direct computation, we see the following.



































































 −y1y3a2 −y1y3a2 0y1(y3a1 − y1a3) y3(y1a1 + y3a3) 0
(y1)2a2 −(y3)2a2 0
 ,
where X∗3 = r
∂
∂r
and |z|2 = (y1)2 + (y3)2.
Since c(t) ∈ Σ, we have r2 =
∑3
i=1(a
i)2 = 1 and s0 =
√
r = 1 at c(t).


















, ċ)|c = 2
3∑
i=1






































, ċ)|c = 0 is equivalent to (3.3.19). In the same





, ċ)|c = 0 is equivalent to (3.3.20). The
equations for the bi(ċ)’s follow from Lemma A.3.1.
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Appendix B
Proofs of Propositions in
Chapter 5
B.1 The second proof of Proposition 5.1.2
Let (Y 7, ϕ, g) be a nearly parallel G2-manifold and M
3 ⊂ Y 7 be a closed
compact associative submanifold. Then (C(Y ),Φ, g) := (Y ×R>0, r3dr∧ϕ+
r4 ∗ ϕ, dr2 + r2g) is a torsion-free Spin(7)-manifold and C(M) ⊂ C(Y ) is a
Cayley manifold. We apply the following deformation theory of Mclean [37]
to our case.
Proposition B.1.1. [37] Let (N8,Φ, g) be a torsion-free Spin(7)-manifold
and X4 ⊂ N8 be a Cayley manifold. Take any adapted local orthonormal
frame {e0, · · · , e7}, in the sense that {e0, · · · , e3} is a local orthonormal frame
of TX and {e4, · · · , e7} is a local orthonormal frame of the normal bundle
νX of X satisfying
Φ =e0 ∧ (e123 + e145 + e167 + e246 − e257 − e347 + e356)
+ (e4567 + e2367 + e2345 + e1357 − e1346 − e1256 − e1247),
where {ei}i=0,··· ,7 is the dual local coframe of {ei}i=0,··· ,7. For any V =∑7
a=4 V




i ea(i = 0, · · · , 3). Then




V aea ∈ Γ(X, νX);
V 73 − V 62 − V 51 + V 40 = 0, V 63 + V 72 + V 41 + V 50 = 0,




However, we cannot apply Proposition B.1.1 directly to our case, because
we have to deform C(M) as cone submanifolds.
Define the diffeomorphism ma : C(Y ) ∋ (x, r) 7→ (x, ar) ∈ C(Y ) for
a > 0. Then we know that a submanifold X ⊂ C(Y ) is a cone if and only
if X is ma-invariant for any a > 0. Hence we apply Proposition B.1.1 under
the assumption that the normal section is (ma)∗-invariant. We easily see the
following:
Lemma B.1.2. Let νM/Y be the normal bundle of M
3 in Y 7, and νC(M)/C(Y )
be the normal bundle of C(M3) in C(Y 7). Then for any (ma)∗-invariant
Ṽ ∈ Γ(C(M), νC(M)/C(Y )), there exists V ∈ Γ(M, νM/Y ) such that Ṽ(x,r) = Vx.
Proof of Proposition 5.1.2. Choose a local orthonormal frame {e1, e2, e3} of
TY and {e4, · · · , e7} of νM/Y satisfying ϕ = e123+e1(e45+e67)+e2(e46−e57)−
e3(e47+e56), where {ei} is the dual coframe of {ei}. Then by Lemma B.1.2, for
any (ma)∗-invariant Ṽ ∈ Γ(C(M), νC(M)/C(Y )), there exists V ∈ Γ(M, νM/Y )




a are smooth functions onM .
Since {ẽ0, · · · , ẽ7} := { ∂∂r ,
1
r
e1, · · · , 1re7} is an adapted local orthonormal



















V ai ea (i = 1, · · · , 3).
Then from Theorem B.1.1, we obtain
V 73 − V 62 − V 51 + V 4 = 0, V 63 + V 72 + V 41 + V 5 = 0,
−V 53 + V 42 − V 71 + V 6 = 0, −V 43 − V 52 + V 61 + V 7 = 0.





3 − V 62 − V 51 ) + e5(V 63 + V 72 + V 41 )
+ e6(−V 53 + V 42 − V 71 ) + e7(−V 43 − V 52 + V 61 ).
Thus we have DV +V =
∑3
i=1 ei×∇⊥eiV +V = 0, which implies Proposition
5.1.2.
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B.2 Proof of Proposition 5.1.7
We follow the proof of [19]. First, we show the following lemma.
Lemma B.2.1. For any vector fields u, v, w, z,X ∈ X(Y ), we have
∇X(u× v) =(∇Xu)× v + u× (∇Xv)− χ(X, u, v),
R(w, z)(u× v) =(R(w, z)u)× v + u× (R(w, z)v) + ϕ(z, u, v)w − ϕ(w, u, v)z
− g(w, u)v × z − g(w, v)z × u+ g(z, u)v × w + g(z, v)w × u.
When M3 ⊂ Y is associative, we have TM × TM ⊂ TM , TM × ν ⊂ ν, and
ν × ν ⊂ TM . Thus for any X, u, v ∈ Γ(M,TM), η ∈ Γ(M, ν), we have
∇⊤X(u× v) =(∇⊤Xu)× v + u× (∇⊤Xv)− (χ(X, u, v))⊤,
∇⊥X(u× η) =(∇⊤Xu)× η + u× (∇⊥Xη)− (χ(X, u, η))⊥.




{(∇Xϕ)(u, v, fi)fi + ϕ(∇Xu, v, fi)fi + ϕ(u,∇Xv, fi)fi}
= −χ(X, u, v) + (∇⊤Xu)× v + u× (∇⊤Xv)
since ∇g = 0 and ∇ϕ = ∗ϕ. For R(w, z) = ∇w∇z −∇z∇w −∇[w,z] , we see
the following by a direct computation.
R(w, z)(u× v) = (R(w, z)u)× v + u× (R(w, z)v)− (∇wχ)(z, u, v) + (∇zχ)(w, u, v).
Then, the equation ∇wχ =
∑
k i(fk)(∇w ∗ϕ)⊗fk = −
∑
k i(fk)(g(w, ·)∧ϕ)⊗
fk = −ϕ⊗ w +
∑
k(g(w, ·) ∧ i(fk)ϕ)⊗ fk proves the lemma.
Next, we compute D2. Let {ei}i=1,··· ,3 be any local orthonormal frame













ei × (∇⊤eiej ×∇
⊥
ej
ψ + ej ×∇⊥ei∇
⊥
ej
ψ), I2 = −
3∑
i,j=1
ei × (χ(ei, ej,∇⊥ejψ))
⊥.
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(ei × (ei × ej))×∇⊥ejψ = 2
∑
j
ej ×∇⊥ejψ = 2Dψ.















R(ei, ψ)ei + 3ψ, I4 = −Aψ.




ei × (R(ψ, ei+1)ei+2 +R(ei+2, ψ)ei+1) ,
ei+2 ×R(ei+1, ψ)ei =R(ei+1, ψ)ei+1 − (R(ei+1, ψ)ei+2)× ei
− ϕ(ψ, ei+2, ei)ei+1 + ϕ(ei+1, ei+2, ei)ψ
=R(ei+1, ψ)ei+1 + ei × (R(ei+1, ψ)ei+2) + ψ,
since ei × ei+1 = ei+2(i ∈ Z/3), g(ei, ψ) = 0, and ϕ(ei, ei+1, ei+2) = 1. Hence
we obtain I3 =
∑3




((ei × ej)× ηk)
=− (∇⊥ei(ei × ej)× ηk − (ei × ej)× (∇
⊤
ei
ηk) + χ(ei, ei × ej, ηk)⊤
=− {(∇⊥eiei)× ej + ei × (∇
⊤
ei
ej)} × ηk + (ei × ej)× Aηkei
+ χ(ei, ei × ej, ηk)⊤.





i ei×∇⊥eiej = 0 for j = 1, 2, 3 by the relation e3 = e1×e2.




g((ei × ej)× Aηkei, Aψej)ηk, I6 =
∑
i,j,k
g(χ(ei, ei × ej, ηk)⊤, Aψej)ηk.
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It is shown that I5 = −Aψ in [19]. As for I6, we compute χ(ei, ei × ej, ηk) =
ηk × (ei × (ei × ej)) = ηk × (−ej + δijei), and obtain
∑
i ηk × (−ej + δijei) =
−2ηk × ej ∈ Γ(ν), which implies that I6 = 0.
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